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Abstract

A vakonomic mechanical system can be alternatively described by an extended la-
grangian using the Lagrange multipliers as new variables. Since this extended lagrangian
is singular, the constraint algorithm can be applied and a Dirac bracket giving the evo-

lution of the observables can be constructed.



I Introduction

There are two different approaches to lagrangian systems subjected to nonholonomic con-
straints. The first one is based on d’Alembert principle [1, 34, 35, 38, 39] and the correspond-
ing equations of motion are termed nonholonomic. The second approach is purely variational
and it was proposed by V.V. Kozloz [25]. V.I. Arnold, V.V. Kozlov and A.l. Neishtadt [1]
coined the name of vakonomic (mechanics of variational axiomatic kind) to refer to that sort

of mechanics. Interesting comparisons between both approaches can be found in [7, 31, 35].

Both topics have received a lot of attention in recent years in the context of Geometric Mechan-
ics. Nonholonomic mechanics has been studied from a hamiltonian point of view [3, 14, 36|, from
a lagrangian one [5, 9, 10, 21, 26, 28] and even from a Poisson one [32, 33, 37|. Several papers
are devoted to highlight the equivalence among these viewpoints [11, 23, 24]. Indeed, nonholo-
nomic mechanics has many applications to Engineering (robotics, control of satellites,...), since
it seems appropiate to model the dynamical behaviour of phenomenae like rolling, etc. (see [34]
and references therein). On the other hand, vakonomic mechanics is applied to study problems
of optimal control theory (being related to sub-Riemannian geometry [4, 6]), economic growth
theory [29], motion of microorganisms at low Reynolds number [22], etc. A geometric unified

approach was recently developed in [27].

The aim of this paper is to study the equations of motion of vakonomic mechanical systems
in the framework of singular lagrangian theories. As is well known, a vakonomic system given
by a lagrangian function L = L(¢*,¢") and constraints ®;(¢*,¢4) = 0, can be equivalently
described by the extended lagrangian £ = £(g*, N, ¢4, \') = L(¢*, ¢*) + N'®; (see [1]). This
new lagrangian is obviously singular, and its dynamics can be studied using Dirac’s machinery
of constraints [15]. A first step in this direction is due to Carinena and Ranada [13], where they

considered a global constraint function and treated the problem in the lagrangian formalism.

Our program here is to apply the geometric version of Dirac-Bergmann constraint algorithm
due to Gotay and Nester [16, 17, 18] to the extended lagrangian £. For that purpose, we first
enlarge the original space of velocities @@ to P = (Q x R™, and then we apply Gotay-Nester’s
procedure to £. We assume that L is a natural lagrangian, that is, L = T'— U where T' is
the kinetic energy derived from a Riemannian metric on ), and U is the potential energy. In
addition, the constraints are supposed to be linear in the velocities. With these assumptions,
we find that the algorithm stabilizes at the second step or, in other words, there are only
secondary constraints. Moreover, all the constraints are second class accordingly with Dirac’s
terminology. This last fact implies that the final constraint submanifold M, is symplectic with
respect to the canonical symplectic structure on 7*P and the symplectic structure induced
there provides a Poisson bracket that is just the same induced by the ambient Dirac bracket
[15, 20]. A first result is that this procedure “reduces” the phase state from 7% P to Ms.
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Furthermore, the final constraint submanifold is diffeomorphic with A x R™, where M is the
image in T*() by the Legendre transformation of M. An interesting consequence of this iden-
tification is the possibility of defining a Poisson bracket on functions on M which produces
a function on M, (since we have to take account of the Lagrange multipliers). We are then
impelled to call this bracket as the vakonomic bracket, in distinction with the so-called nonholo-
nomic bracket in nonholonomic mechanics [2, 11, 24, 33, 37|. Indeed, the vakonomic bracket

gives the evolution of the observables of the vakonomic system.

If we consider a more general kind of constraints or lagrangians not necessarily regular (situ-
ations which are more common in applications), the proccess is of course very much involved,
since tertiary and higher order constraints will appear. We leave this problem for further

research.

The paper is organized as follows. In Section II, we review the two kinds of mechanics, nonholo-
nomic and vakonomic mechanics, from a unified variational approach. The constraint algorithm
in its geometric version is described in Section III and applied to vakonomic mechanics in Sec-
tions IV and V. In Section VI, we study the second order differential problem and in Section
VII, we classify the constraints according to Dirac. In Section VIII, we discuss what happens

if the constraints are not globally defined on T'Q), that is, they are given by a submanifold of
TQ.

II Variational methods in mechanics

In this section we shall give a brief account of the variational principles involved in the derivation
of the equations of motion in classical mechanics. For a more extended discussion see for
instance [19, 27, 31, 35]. Let @ be an n-dimensional configuration manifold, and L : TQ) — R
an autonomous lagrangian function. If (¢”) are coordinates on @, we denote by (¢#,¢*) the
natural bundle coordinates on 7'Q) such that the tangent bundle projection 7¢ : T'Q) — () reads
as 7o(q”, ") = (¢*). Given two points z,y € Q we define the manifold of twice differentiable

curves joining x and y as
C*(z,y) ={c:[0,1] — Q/ cis C?, ¢(0) =z and ¢(1) = y} .
Let ¢ be a curve in C?(z,y). As is well known, the tangent space of C%(z,y) at c is given by
T.C*(z,y) ={X :[0,1] — TQ/ X is C", X(t) € T.y@, X(0) =0and X(1) = 0}.

We will assume here that L is subjected to nonholonomic linear constraints given by a subman-

ifold M of T'Q). Alternatively, the submanifold M can be viewed as the total space of a vector



subbundle of T'Q), or, equivalently, as a distribution on ) which will be denoted by the same
letter. Therefore, if the annihilator M° of M is locally spanned by m independent 1-forms {wy,
oo, W}, where w; = p;adg”, we have that the constraint functions {®y,...,®,,} are just the
evaluation functions of this basis, that is, ®;(v,) = (v, wi(q)), forallv, € T,Q, 1 < i < m. Now,
we introduce the submanifold of C?(z,y) which consists of those curves which are compatible

with the constraint submanifold M
C*(z,y) = {¢ € C*(z,y) | &(t) € My, Yt € [0,1]}.

Given a curve ¢ € C2 (x,y), the constraints allow us to consider a special vector subspace of
T:C*(z,y)
Ve ={X € T:C*(z,y) / wi(X) =0, 1 <i <m},

0
which are the allowed variations. Then, if X = X Aa—A’ we deduce that X € V; if and only if
q

(1) piaXt=0,v1<i<m,
along the curve ¢.
Next, define a functional J by
J : C(z,y) —R
¢ /01 L((t)) dt

A direct computation using integration by parts shows that (see [31])

L[ OL d ([ OL
1000 = [ (55 - 5 (55 ) ) x*ar
for c € C?(x,y) and X € T,C?(x,y).

(i) Unconstrained systems.

In this case, M = T'Q. The Hamilton principle states that a curve ¢ € C*(z,y) is a
motion of the lagrangian system defined by L if and only if ¢ is a critical point of [7; that
is, iff dJ(¢)(X) =0 for all X € T,.C*(x,y), or

V(AL d (OL\Y wu . ,
/0 (W_$<W>>X dt =0, VXA

This condition is equivalent to the Euler-Lagrange equations

d (0L 0L
—_— | —— = 1<A<n.
dt <an> 5ga O lsds=n



(i)

(iii)

Nonholonomic mechanics. In this case, a curve ¢ € 52(x, y) is a motion if and only if
it satisfies dJ(¢)(X) = 0, for all X € V;, that is,

V(L d (OL\Y w4,
A(@‘@(@))“t‘o’

for all X satisfying equation (1).

As before, we deduce that ¢ is a motion if and only if

L d (OL\\ wa
2) (W‘@(@))X =0,

for all X4 satisfying equation (1), which is just the statement of d’Alembert’s principle.

Therefore, ¢ is a motion for the nonholonomic system if and only if

d (0L oL ’
3 — | 5= — 55 =", 1 <A<n,
®) dt (an> ¢ Hia "
for some Lagrange multipliers \', ..., \™.

Vakonomic mechanics.

In vakonomic mechanics, a curve ¢ € C*(z, y) is a motion if and only if d.7(&)(X) = 0, for
all X € T;C?(z,y), i.e. the motions are the extremals of the restriction of the functional
to the curves satisfying the constraints. Now, using the Lagrange Multipliers Theorem

in an infinite dimensional context, we deduce (see [1, 19, 31, 35]) that ¢ is an admissible

motion if and only if there exist m functions A',..., A™ A :[0,1] — R such that
d (oL\ oL (Opia .y Op .\ dX

4 _ ] — ] - — = -\ — ——Z,1§A§ .

(4) dt <an> 9gA ( agF 1 T 9! ar A "

An alternative approach to vakonomic mechanics is the following. From (4) we deduce
that a curve é = (¢ (t)) in C*(z, y) is a solution of the vakonomic equations if and only if
there exist local functions A!, ..., A™ on R such that ¢(t) = (¢*(t), \i(t)) is an extremal

for the extended lagrangian
L:T(QxR™) — R, L=L+\N®,;,

i.e. it satisfies the Euler-Lagrange equations

d oL oL
() - —/— = < <
dt(EqA) EqA O,l_A_n,

i(ﬁﬁ) oL
dt oxi’  ox
(see [1, 19, 31, 35] for details).

®;(¢* ¢ =0,1<i<m,



III The constraint algorithm

First of all, let us recall the geometric formulation for lagrangian mechanics (see [30]). Let

0

S = 904 ® dg” be the canonical almost tangent structure on 7Q and A = q'Aa—,A the Liouville
q q

vector field on T'Q). From the lagrangian L, we construct the Poincaré-Cartan 2-form wj; =

—dS*(dL) and the energy Ej, = A(L) — L.

Then, the equations of motion can be equivalently written as

(5) ixwr = dF; .

O0?L
Indeed, if the lagrangian L is regular, i.e. its Hessian matrix Hess(L) = <W> is not
q-oq
singular, then wy is symplectic, and (5) has a unique solution I'; which is a second order
differential equation (SODE for short). The solutions of I'; are just the ones of the Euler-
Lagrange equations. If L is not regular, then (5) has no solution in general, and even if a

solution exists, it will not be unique nor a SODE.

In order to treat with this kind of systems, Gotay and Nester [16, 17, 18] developed a con-
straint algorithm (a geometrization of the Dirac-Bergmann algorithm), applicable in the general

framework of presymplectic manifolds as is described in the following.

A presymplectic system is a triple, (M, w, ), that consists of a smooth manifold M, a closed
2-form w with constant rank and a closed 1-form . We are interested in searching the possible
solutions of the equation

(6) ixw = a.

Let b : TM — T*M be the map defined by b(X) = ixw. If w is not symplectic, then b is not

surjective and, consequently, (6) has no global solution on M in general.

Consider the points of M where (6) has a solution and assume that this set is a submanifold
M of My = M (this will be our case, since we are assuming that w has constant rank). It
could still happen that the solutions on M, are not tangent to M. In consequence, we take a
submanifold M3 of My where the solutions are tangent to M. Continuing with this process

repeatedly, we generate a sequence of submanifolds
o M o My s My =M,

in such a way that if the algorithm stabilizes for some k, i.e. My = M4 = M then, there
exists a vector field I' on M such that

(irw = a)‘Mf.



Notice that if we finish the process at the step k = 1, it will mean that there is a global solution
I' on the whole of M.

Alternatively, the above submanifolds can be obtained as follows
M;={z e M/ a(2)(z) =0, Vz € TM, }

where
TM; | ={z€T,M/wx)(v,2) =0, Yo € T,M;_1} .

We call M the secondary constraint submanifold, M3 the tertiary constraint submanifold,
and in general M; will be the i-ary constraint submanifold. If the algorithm stabilizes, then
M will be the final constraint submanifold. Accordingly, the (local) functions defining these

submanifolds will be termed secondary constraints, ternary constraints, and so on.

IV The lagrangian formalism

Let Q be an n-dimensional manifold representing the configuration space of a mechanical
system described by a lagrangian function L : T'() — R and subjected to linear nonholonomic

constraints given by a submanifold M of T'Q).

We shall assume that the lagrangian is of natural type, that is L = T — U, where T is the

kinetic energy of a Riemannian metric g on @), and U : () — R is a potential energy.

In bundle coordinates L reads as
. 1 A
L(g"¢") = 5 9an(0)i"d” = Ula) -
As we have seen above, the constraint submanifold M is locally defined as the zero set of m
independent linear nonholonomic constraints ®;(¢#, ¢) = uia(q)¢*. For the sake of simplicity,
we shall assume that the constraints ®; are globally defined on the whole T'Q). Later, we shall

consider the general case.

Consider the product manifold P = Q x R™ with local coordinates (¢, \?). As we have seen
in Section II, the equations of motion corresponding to the vakonomic problem given by L and
M can be formulated in terms of the extended lagrangian £ : TP — R, £L = L + \'®,.

In what follows, we will identify TP with T'Q) x TR™, and denote by 71 : TQQ x TR™ — TQ
and m : TQ x TR™ — TR™ the canonical projections of T'QQ x TR™ onto T'Q) and TR™,

respectively.

The Poincaré-Cartan 2-form w, associated to L is

9 O . .
wr = ( TR ;‘) dg* N dq® + piadg® N AN + gpad® N di®.
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Notice that w, is not symplectic because of the singular caracter of £. Indeed, B3 = 0.

However, it still has constant rank as shows its Hessian matrix

0*L 0*L
92045 9\iggB Hess(L) 0
Hess(L) = =
0*L 0*L 0 0

OGAON  ONION
Therefore, we have
rank (wg) = rank (Hess(L)) = rank (Hess(L)) = rank (wg) = 2n.

We deduce that the triple (T'P,w,,dE,) is a presymplectic system, with £, = A(L) — L the

energy of L. In this presymplectic framework the equations of motion are written as
(7) i XWpe = dEE .
Next, we will apply Gotay and Nester’s algorithm described in Section III to find a solution of

(7).
Put P, = TP, then

Py={x € P/ (dE., Z) (x) =0, YZ € (T.P)*}
where
(T, P ={Z € T,P) we(Z,W) =0, VW € T,P,} ={Z € T, P,/ bs(Z) = 0} .

Thus, to obtain P, we need first to calculate kerb,.

A direct computation shows that

1 0 u)gzo.
)\
Moreover, we also have
iZinZO,
where 5 9
Zi=— —¢%tic—=, 1 <i<m.
oxi 9 MicggEo t=t=

0
Therefore, since the vector fields {a, Z;} are linearly independent and rank w, = 2n, we

deduce that they generate kerb,, that is,

0
erb, = span { 8)\’}



Remark IV.1 It is not difficult to see that
dim (kerb,) = 2 dim(V(T'P) Nkerb,) ,

where V(T P) is the vertical bundle over P. Therefore, £ is a singular lagrangian of type II
accordingly to the classification in [8, 12].

Notice that E; = (m)*(EL), where Ej, is the energy corresponding to the lagrangian L. In

what follows, we will write Fy, instead of (m)*(EL), for brevity.

0
Now, in order to compute the constraint functions which define Py, we calculate (dE;), <ﬁ>
and (dE;).(Z;), 1 <i<m

0 OFE;,
dE = — =0,
( ‘)<aA ) ONi
o (0 _ BC, 0 8L A

BC BC BC - A

= _MiAqA )
which are the original constraints.

Thus, we have
PQI{Iepl/(I)i(ﬂ'l(SL’)):O, 1§z§m} .

Next, we shall compute T'P,. Take X a vector field tangent to P, that is, if

B 0 ) B)
X =Xx4 Xi— + x4 Xi—
FagA T g TR gaa T g
we have 5
®) X(@) = X{qP 5 2+ Xilyua =0, i,

The matrix (p;4) has rank m, so we can assume that the submatrix (p;;), 1 < 4,7 < m is

invertible, with inverse matrix (u’*). Equation (8) can be written as

a,uiB
ogA

X335+ X§pia = — X448

where 1 < 4,7 <m and m + 1 < a < n. Now, multiplying by (u/*) we obtain that

] ji . a:uZB i yva
Xj =" X{¢" Gt~ 1 X




Consequently, we deduce that T'P, is spanned by the vector fields

(D00 e 0 9D
8)\7:7 a)\l’ 8qA q 8qA/’l’ a ,7 8 a /"L Mla& j

Next, we want to compute T P;-. Consider a vector field Y

0 0 0 0
A A
+ Yy +Y. +Y}

2 ToNi

Y = OXi T3 ggA

18A

such that Y € TPs-. After some calculations, we obtain that

v4 =0,
i = —g"eYs .
Then
(9) dEL(Y) = gapd®Ys' = —gapd® " uipYs = —¢PuipYs = &Y, =0,

on P, and, therefore, P; = P,. This means that the algorithm stabilizes at P», and P; is the
final constraint submanifold. Our aim in the rest of this section is to get explicit expressions
for the solutions of equation (7). For that purpose, take an arbitrary vector field I' on TP

locally written as

0 0 0 0
T = A_Y Bl CA— Dz
A A B g T g P g
and assume that it satisfies
irwlj = dEL; .
A straightforward computation shows that
. [ dgpc  9gac, .  Opip Optia ;
— B _ C 2\ . _ B 4 — CB d A
irwe _A [( 9k o )q~ + (an 9P )] HiA gap| dgq
+ AA,uzAdAi + AAgAquB ’
(10 oU
dE; = E gBAcchB+a < | dg* + gapi”di”.

Comparing the coefficients of d¢® and d\* we deduce that
ABgap = ¢%gpa, Apia =0,

which implies A4 = ¢4, 1 < A < n, and

(10) piadt=0,1<i<m.

Comparing now the coefficients of dg*, we find that B’ and C? are related as follows

Opip aﬂiA) (1391:)0 a9Ac> c.p OU

9g* g 2 0¢*  0gP g’

Biia+CPgap = NgP (

10



or, equivalently,

O O 10g dg ) ou ;
(11) ¢¥ = g*Pq" [)\ (an - 8q§> + <§ anAD o an[? q“ _QABW — 9" A’

Moreover, since I' has to be tangent to P, we get

(12) CPuip + " 88“”3 =0.

Introducing the expression for C? obtained in (11) into (12), we have

11)
j OB 1iD a,um 19g9cp  Ogac ) .
A 7 A
o mipiaB = q'4" 8JA 1B BqDl ( N 2 ogh  9gP q“
ap U 8U

But the matrix D = (D,;), with
(13) Dij = ¢"" piapn .
is regular (see [26, 28]), so B’ is explicitly given as
: Oujp Oukp  Opira 1391)0 ~ 0gac .
B = DZ] - A B )b DZ] AB D )\k o C
R L o0 9gp ) T\29g8 " g0 )¢

ou
AB
g a A7

(14)  — Dy

where (D%) is the inverse matrix of D.

Therefore, from (11) we obtain an explicit formula for C?

CB — gABGD [)\k <5Mw B 5MkA> L (1 dg9cp a£IAO> .C] AU

OqA oqP 2 9gA oqP OgA
Ou;r Ourp  Oukr
_ AB ; DZ] B - F J ng EF D )\k _
g MA[ 0E+ 1irg” " 4 dqE dqP
15 - - — DYppgPF 2|
(15) + <2 oq¥ oqP @] Hird oq”
Summing up, a vector field I with local expression
0 0 0 0
(16) N=¢"—+B-——+C"— +D'—

8 gt 8)\2 a A a)\z !

satisfies the conditions

(17)

(irwe = dEL)p, ,
T eTph,,

if and only if the coefficients B’ and C? satisfy (14) and (15), respectively. The parameters D’

remain undetermined and give rise to a family I'p of vector fields satisfying the above system.
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Remark IV.2 The solutions we have obtained do not satisfy the SODE condition along P
since S(T') # A, that is, B # A", 1 < i < m. In next sections, we will find a submanifold S of
P, and a vector field T on it such that (ifw, = dE);s and (S(I') = A)s hold simultaneously.

The existence of this submanifold can be ensured if certain admissibility condition is fullfilled
(see [16, 18]).

We are now in a position to make a first comparison between what we have obtained for
(T'P,wr,dE;) by means of the presymplectic formalism and the vakonomic formulation for the

original lagrangian L.

First of all, the final constraint submanifold P, and M are closely related. Indeed, P, and
M x TR™ are diffeomorphic in a natural way. Moreover, let I' be a vector field on P, such
that irw, = dE;. Since TP, is diffecomorphic to TM x TTR™, then I' splits as I' = (X, Z),
with X = X, : M — TM and Z = Zy4) : TR™ — TTR™ vector fields on M and TTR™
depending on the parameters A and (g, §), respectively.

The obstacle for the above splitting to be “clean”, that is, X being independent on A\ and Z
being independent on (g, §), is the coupling of the coordinates (¢, ¢) and A in the vakonomic
equations, a fact that can also be seen in the explicit expressions for B = B'(q, A, ) and

CB =CP(q, )\, q) (see (14) and (15)). A look to these local expressions shows that if the crossed
O _ Optia

g4 0¢P
independent of parameters. Of course, this is just the case when the constraints are holonomic

31).

terms vanish, then we will be able to project “cleanly” I' onto a vector field X

On the other hand, this can be done also for some mechanical systems subjected to nonholo-
nomic constraints: for example, whenever we can get an expression for the Lagrange multipliers
(A(t)) along solutions (¢“(t),¢“(t)). This is the case of the vertical rolling disk (see Exam-
ple VIL.4). In fact, we have that X, ) = 'z, where (Aj(¢)) is a special curve of Lagrange
multipliers and I'z s is the nonholonomic vector field along M. Consequently, the solutions
of the nonholonomic problem may be regarded as a subset of the vakonomic ones [4, 31]. As
a by-product of the application of Gotay and Nester algorithm, we have found a geometric
characterization of this fact. However, it will not be true in general as pointed out in [31] and

the question of when this can be done is still unanswered.

V The hamiltonian formalism

In this section, we will discuss the vakonomic system within the framework of the cotangent
bundle T*P. First of all, note that the lagrangian £ is almost regular, so we are just in the

assumptions of Gotay and Nester [16, 17]. Our interest in developing this formulation is to

12



classify the constraints appeared in the process following Dirac’s criterion and, then, to define

a Dirac bracket giving the evolution of dynamical variables.

Consider the Legendre transformation of £
FL:TP—T"P.

As is well known, the Legendre mapping is a fibered mapping over P, i.e. mwpo FL = 7p, where
mp : T*P — P is the canonical projection. In local coordinates the Legendre transformation

reads as

. . - [ OL (0D,
FLGN N, G4 A = (¢4 N <0—A> Y (a‘A> 0).
T/ (g1.4) T/ (g1.4)
Therefore, if (¢*, \?, pa, p;) are bundle coordinates in 7P we have
Pa=9apq” + Npia, pi =0,
along the image of FL.

Next we will prove that £ is almost-regular according to the definition in [16, 17].

Proposition V.1 The following statements are true

(i) FL(TP) = M, is a submanifold of T*P,

(ii) FL is a submersion on its image and its fibres are connected submanifolds of TP.

Therefore, L is almost-reqular.

Proof: The Jacobian matrix of FL is

I, 0 K 0
0 I, U 0
0 0 Hess(L) 0 |’
0 0 0 0
0 O
where K = <qc 8gBAC + A’%’uf and U = (p;4). Then, rank FL = 2n + m at every = € TP,
q q

and from the Rank Theorem we deduce that M is a submanifold of 7T P. Moreover, with this
differentiable structure the mapping FL : TP — M, is a submersion.

Next, we will prove that F£ '(y) = span {<8>\i

of FL would be connected. Indeed, let 7,29 € FL *(y). Then both are in the same fibre
of TP, ie. 7p(x1) = 7p(x3), and from the definition of FL we deduce that FL(m(x1)) =

0
) }, for all y € M;. In this case, the fibres
p(y)

13



FL(mi(xg)). Therefore m(x;) = m (z2) since FL is a diffcomorphism. Consequently, x; and

x5 differ only in their components M. Thus, we have completed the proof. O
Notice that M is locally defined by the equations p; = 0, for all . Denote by w; = jjwp, where
wp = dg?* N dpa + d\' A dp; is the canonical symplectic form on T*P and j; : My — T*P is
the canonical inclusion. Then

w1 =dgq" Ndpa
is a closed two-form on M; with constant rank 2n < dim Mj.

Since L is almost regular, the energy F, is constant along the fibres of F£ and it induces a
well-defined function hy : M; — R by the relation hy o FL = E,. In fact,

PR 1 ~ i A ]
hi(g® N, pa,0) = §9AB(pA — N pia)ps — Npig) +U(q).

Thus, the system (M, wy, dhy) is presymplectic and we can apply to it the constraint algorithm.
It should be noticed that Gotay and Nester’s Equivalence Theorem (see [16, 17]) implies that
this algorithm will stabilize at a submanifold M; of M; so that the following diagram

FL

Ph=TP — T*P
. FLy ‘

ip 1 N T
Py M,
FLo .

N T

M

is conmutative. Here, ¢; and j, are the canonical inclusions, and FL; = F L p, are submersions
on their images My, for k = 1,2. The primary constraints are those defining M, that is, p; = 0.

In order to calculate the secondary constraints which in turn define My, we first compute
ker wi(y) = (Ty]Wl)l ={CeT,M, / (w1),(¢;n) =0, Vne€T,M}.

In terms of the induced coordinate system on M, the tangent space of M; at y is locally
0 0 0
{ a—A Y W ’ 8A }
qa/y y baj,

0 (0 0
= (s 1= 3 T,M

) (0 N
() (), (), e

14
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then we have

(w1)y(¢,m) = (dg™ Adpa),(C,n) = ¢ingt — Gt =0, it ms'

Thus ¢ = (4! = 0, which implies that

(1,0 = spun { fy)y}.

0 0hq ) .
Then dh, ( 3 )\Z.) = ( 3 )\Z.) = —x; provides the new constraints

Xi = piag P (pp — Nu;g), 1<i<m.

Consequently, My is defined by the constraints p;(y) = 0 and x;(y) =0, 1 <i < m.

One can directly check that My = FL(P,). As we already know, M, is the final constraint
submanifold, that is, My = My with the usual notations. Observe that we can introduce local

coordinates in M, as follows. Since x; = 0, for all ¢, we have
o= DijujAgABﬁB ,1<i<m.
Thus, we can take local coordinates (¢*,p4) in M,. More precisely, the mapping
(¢*, pa) = (¢", D7 jag™P P, pa, 0)

defines Ms as a submanifold of 7*P. We summarize the above results in the following diagram

P =TP=T(QxR") Z& T*P
FLa
i T N Th
Py =(®;=0) M, = (p; = 0)
FLo 4
T J2

My = (p;=0,x; =0)
Remark V.2 Observe that wy = jswp is in fact a symplectic form on M since
rank (we) = 2n = dim M, .

Then, we have that (Ms,ws, he) is a symplectic hamiltonian system, where hy denotes the

restriction of hy to M,. In local coordinates,

1 o ; )
hy = §9ABPB(}7A -D kMkCMiAQCDPD) +U.
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Let us denote by M = FL(M) the submanifold of T*Q obtained by means of the Legendre
transformation associated to L. Indeed, M is defined by the linear constraints p;1g*®pg, where
(¢”, pa) stand for the bundle coordinates in 7*Q. Notice that M is a vector subbundle of T*Q
since FL is a vector bundle isomorphism over (). To end this section, we will investigate the

relation between M, and M, and will compare wy with wg, the canonical symplectic form on
TQ.

Let v : M x TR™ — P, be the global diffeomorphism between M x TR™ and P,, which is
induced from the canonical diffeomorphism 7Q) x TR™ — T(Q x R™). By means of v, we
define the global mapping

§: MxR™ — M,
m:A)  — FLH(FLHH),A0)) .

In local coordinates we have
8(q™ pa, N') = (q*, X', pa + N'pia, 0).
Proposition V.3 ¢ is a diffeomorphism.

Proof: Indeed, it is differentiable and its inverse is
My, — M xR™
(¢*,pa) — (¢" pa— Npia, N)
where A" = D% ;498 pp. Obviously, 67! is differentiable too. O

Via ¢ one obtains that
§*wy = wg — d(N'pia) A dg?.

V1 The SODE problem

In this section we will discuss the problem of finding a vector field I' satisfying the equations
(ipwe = dEr)s
(ST =A)s,

on some submanifold § of P,. That is, we are looking for a solution satisfying the SODE

condition, since our problem is variational and it requires second order equations.

First of all, let us recall that points in the same fibre of F L, only differ one from each other in
their components A". Indeed, if y, is a point in M, with local coordinates (g&', M8, Poa, 0) then

we have

-7:52_1(90) = {(q(?, )\679513(]503 - )\é/iOiB>, >\Z) / Mg R} -y
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This fact implies that, if

is an arbitrary solution of the equations (17), then it is projectable by FL onto a vector field
I" tangent to M, defined by

[(y) = FL.(Cpi(x)) , v € FL (y),

since B and C* do not depend on A\’. Moreover, since I is such that (ipwr = dhy)|ag, we
deduce

ipwy = dhy,

and I is the hamiltonian vector field associated to hs, i.e. I = I'y,. For each y € M,, with

local coordinates (g, A\, p4,0) we have

00) = FETnfo) =90 = 3mo) (57) +800) (55

0 ) O A i i 0
+ (( ag;BDqD + A\ 0Z§> 97 (pe — Npic) + (B'pia) (z) + (CBQAB)(l')) < )
y )

Opa
| 9 T oL (0
o AB(p i — ' oA
= +4g (pB )\NZB) <8q‘4>y+8(x) <8>\i>y+an <8}3A>y’

where z is an arbitrary point in FL ().

Now, we define the mapping s : My — P, by putting

S(y) = S(qA> )\i>ﬁA>0) = (qAa )‘iagAB(ﬁB - AZMZB)vBZ($)) y Y € M2 , T € fﬁ_l(y) )
where X' = DY, 4g"Ppp.
It is not difficult to see that s is well defined and that it does not depend on the choice of
the local coordinates on Ms. In fact, one can define s by taking the value of I'pi at z and
then project the result by the canonical projection from T'P onto P (see [16, 18]). Moreover,
we have that s(y) € FL; (y), for each y € M, so s is a differentiable section of FL,. Then,

S = s(My) C P, is a submanifold of P, and hence of TP as well. Observe that on this
submanifold, T, satisfies the SODE condition: indeed, we have

@%_AM=<whwﬁa>

— =0.
O\

|S

However, in general, one can not ensure that I'p is tangent to S.
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This problem is solved by transporting the vector field I' from M, to S by using the global

diffeomorphism s : My — S, that is, we define
I=s,T.

Therefore, I will verify the SODE condition because of the form of s and, in addition, the
equation

(if(x)g = dEE)‘S.

Next, we will obtain a local expression for L. Let z be a point in S; since s is injective, there
is a unique point y € M; such that s(y) = z. Then,

D(2) = 5. (T()) -

As we know from the above discussion, ¢2 = g4% (g — ANuip), and A, = Bi, so that we have

. 0 (0
_ A~ i

99" ; pic L

A -D -Avi BC v i BC

+ e S o) (NP ),
(qx qy (gCD an ) Ay N9y 9qA i ( g C)

d9pA . iOlia\ . Y 0
+ g2 <8q—DqE + A (%I—D>m G2 4+ (N'pia)e + (CDgAD):c]> <a‘1—B>m
n 4 [ OB Y OB n oL OB 0
\ogr), T \ow ), T aer \apa ), ) \oxi ),
This expression can be simplified as follows
~ 0 [0 0
_ Al Y i Y B Y
= () < (o) (o),
OB .. (OB . (0B 0
<A j N
o (0 (5) 4 (5w 2 (552).) ).

o (0 0 [ 0
- A v 7 B _ 7
_ <8QA>I+>\$<8>\Z.>$+CI (an);Bx (w)

taking into account that

BC
i gend” aaqu + q‘DquBA%gq—Eg‘ = q‘Dq'an% (9"Cgcr) = 0.

Remark VI.1 We have obtained a vector field T on Ms, and a vector field I on S, both vector

fields solving the dynamics of the singular lagrangian £. It should be noticed that, since the

equations of motion for £ are the same that the equations of motion for the vakonomic problem,

we have obtained a sort of reduction of the latter problem. Indeed, the integral curves of T' (or

equivalently, of T') give the vakonomic dynamics. But M, (or, if we want, S) has dimension 2n

and we have started with a state system TP with dimension 2n + 2m.
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Recall that we have proved I' = I'y,. In addition, the vector field [ on S is also a hamiltonian
vector field. In fact, I' is the hamiltonian vector field corresponding to the restriction of Ej
and with respect to the restriction of w, to §. Both hamiltonian vector fields are related by

the symplectomorphism s.

VII Classification of the constraints according to Dirac

The application of Dirac-Bergmann-Gotay-Nester algorithm has produced the following con-

straints

(i) the primary constraints, p; =0, 1 < j <m,

i1) and the secondary constraints, y; =0, 1 <57 <m
( ) y 9 XJ 9 ] )

which together define the final constraint submanifold M.

Accordingly with Dirac’s terminology [15], the constraints can be classified into first class and
second class constraints. Let us recall that a constraint is said to be first class if its brackets
with all the other constraints vanish; otherwise, it is said to be second class.

Here the bracket is the canonical one provided by the canonical symplectic form wp on T*P
_0f 0g 0f 0g 9f 95 Of 9g

{f.9} = BRI TN Opi  Op; ON' Opa Og”’

for all pair of functions f, g: T*P — R.

We construct the matrix C' = (Clp), with Cop = {@a, s}, where 1 < o < 2m and ¢, = Dq
for 1 <a<mand ¢, = Xam if m+ 1 < a < 2m. Then we have

_ {pi 0} {pi, x5} _ 0 Di;
(Cos) = ({Xmﬁj} {Xi,Xj}> N (—Dij Nz’j) ’

with
0 (,U'DQCD ) 0 (u pg°” )
_ _  ~ _AB g J
Ni; = {xi, Xj} = Pcg (MjA 0q? — HiA 0qP
0Dy 0Dy
AB\ k kj ki
A i — L .

A straightforward computation shows that the matrix C' is invertible with inverse

D'ND! —pD-!
D! 0 ’

Ol = (C*F) = (
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Therefore, all the constraints are second class. Thus, the Dirac bracket is
{f_a g}D = {fv g} - {fa @a}caﬁ{wﬁmg} )

for all pair of functions f and g on T*P.

An important observation is the following. Since the constraints become Casimir functions with
respect to the Dirac bracket, then it can be restricted to Ms. Indeed, for all pair of functions
f,g € C(My) the bracket {f, g} pju, does not depend on the choice of the extensions f,g to
T*P. Consequently, we will denote {f, g}* = {f, 3} pjrs-

As Dirac proved, the bracket {, }p provides the evolution of any observable, that is,
.f = {.fv B}D )

for some convenient extension h of the projected hamiltonian h; € C*=(M;). In particular,
{f, ha}* gives the evolution of f: My — R.

As we have noticed in Section V, (Ms, ws) is a symplectic submanifold of 7*P. Let us denote by
{, }p the Poisson bracket induced by ws. We are interested in knowing which is the relation
between both brackets, {, }* and {, },,. This is solved in the following

Proposition VII.1 The bracket {, }* coincides with {, }ur,, that is, we have that

{f7g}* = {fvg}Mm

for all f, g € C®(My).

Proof: As (M, ws) is a symplectic submanifold of T* P, we have the following descomposition
T, (T*P) = TMy @ TM;-,

with associated projectors
P : TMZ(T*P) — TMQ,
Q : Ty, (T*P) — T M.

It is proved in [20] that our Dirac bracket is precisely
{f.3}p = wr(P(Xy), P(Xy)),

for f, g € C°(T*P). Let us denote by Y; the hamiltonian vector field on M, associated to a
function f : M — R with respect to wy. A careful computation shows that j,,Y; = P(Xj),
where f is an extension to T*P of f € C*(M,). Consequently, we have

{f,9} =wp(P(X}), P(Xy)) = wp(jo.YF, jo.Yy) = wa (Y5, Yy) = {f, 9} as -
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If we denote by 7 : M x R™ — M the canonical projection, we can define a Poisson bracket

along @ = 1o d~! as follows
{f;g}vak = {foﬁ-vgoﬁ-}*a
which is a function defined on M,. Therefore, we have a bracket
{ Jear s CF(M) x C®(M) — C®(M,)
(f?g) = {f7g}vak7

which is in fact a bracket along 7. This bracket {, },q enjoys similar properties to those of

ordinary Poisson brackets.
Definition VIL.2 The bracket {, }oax on M along 7 will be called the vakonomic bracket.

The vakonomic bracket produces a function on M, from two functions defined on M, since we
need to specify the corresponding Lagrange multipliers A\® in the equations by means of the
above diffeomorfism between M, and M x R™. A careful computation shows that, in local

coordinates, the expression for the vakonomic bracket is

{f?g}vak = {f © 7~T7g © ﬁ-}* ~
" _ 0o dgoR) _dfeR)dger) , OF 95
a dq* Opa Opa OgA O\ ON '

where f, g € C°°(T*P) are arbitrary extensions of f o 7 and g o 7, respectively.

DZkleDl]

Moreover, if I' is the “reduced” vakonomic vector field on M,, then, for any f : M — R, we

have
{fv Hlpf}vak = {f O7~T7HIM o*ﬁ‘}* = f(f Oﬁ‘) = f>
where H : T*(Q) — R is the hamiltonian defined by Ep, that is, H o FL = EJ.

Remark VII.3 It should be noticed that M has a vector bundle structure over M with rank
m. Indeed, it is a vector subbundle of pry : T*P = T*Q x R*™ — T*Q, that is,

M, T*P = T*Q x R*™
T pri
M @
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In this way, a vakonomic motion (g(¢), A(t)) in M, can be viewed as a motion in the total
space of that vector bundle, with base components ¢(¢) in M and fiber components A(t) in R"™.
Roughly speaking, the Lagrange multipliers can be considered as a sort of internal variables in

addition to position variables.

Example VII.4 The vertical rolling disk. Let us consider the following problem for a disk

of radius R and unit mass m = 1 which rolls on a horizontal plane.

The configuration space for this system can be identified with Q = R* x S* x S*. By (z,y) € R?
we denote the coordinates of the point of contact of the disk with the plane and (6, ) € S x S*
give, respectively, the angle between the disk and the x axis, and the angle of rotation between

a fixed diameter in the disk and the y axis.

Given qp,q1 € @, i.e. initial and final position variables, we want to find the trajectories of
the disk connecting such points that minimize the energy expenditure. Of course, we want the

disk to roll without slipping. This situation can be seen as an optimal control problem [19].

A problem of optimal control is described by the following data: a configuration space B giving
the states variables of the system, a fibre bundle 7 : N — B whose fibres describe the control
variables, a vector field Y : N — T B along the projection 7, and a “lagrangian” function
L : N — R. Now the solutions of the optimal control problem will be those paths v : [ — N

such that 7 o v has fixed end-points, which extremize the action

A L(y(t))dt

and satisfy the differential equation

Ly -ver

which rules the evolution of the state variables.

It is easy to show that this is indeed a vakonomic problem on the manifold N. The constraint

submanifold M C T'N, given by the differential equation above, is

M ={v, € TN/ m(v,) =Y (n)}.

In the problem under consideration, we identify B = @, N = TQ, and 7 : T(Q) — (@ as the
natural projection 7g. The lagrangian L : T'Q) — R is given by,

1 .
L — 5(932 + 92+ L6* + L),

22



with Iy , I the moments of inertia (notice that the potential energy is not included since it is

constant). The vector field along 7 is

Y . TQ — TQ
(377%97 ¢7d1>d27d37d4) — ('IvyvevgbvRCOSQd4>RSin9d4>d3ad4) .

Notice that Y is simply a tensor (1,1) on the manifold Q.

In fact, in this framework, we are considering the velocities as the “control” variables. Solv-
ing this optimal control problem is precisely the same as considering the vakonomic problem

associated to the vertical rolling disk for the extended lagrangian £ : T(Q x R?*) — R
L=L+\o+ u,
where

¢ = xsinf —ycosh,

Y = xcosf+ysinh — Ry,

are the constraint functions determining M. Note that we have chosen a linear combination of

the usual constraints

<
Il

T — Rpcosh,

=
Il

j — R¢sind.

In the next section, we will discuss how this change of constraints affects to the final result.

In addition, as is stated in [4, 31], the vakonomic solutions for this problem are also solutions
of the nonholonomic problem if the initial conditions for the Lagrange multipliers are properly

chosen.

We have that

we = dx ANdi+sinfdx A d\+ cosfdx A dp + (Acost — psinf)dx A df
+ dy Ady — cosOdy N dX\+ sinOdy A dp + (Asin + pcos6)dy A df
+ LdO A df + Lde Adp — Rdp Adp,

is the Poincaré-Cartan 2-form in local coordinates.

The final constraint submanifold is
Py ={(x,9.0, 0.0 9,0, 0.\, 1) ET(QxR*) /= 0,0 =0} .
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Let I be a general solution of equation irw, = dE}, and tangent to P,. In local coordinates,

we have
.0 .0 8 8 8 3}
+ C a+ca C@i—FCi—l—'D 6+D 0

“or Yoy 00 Top ax T ton

The coefficients satisfy the following equations

C, = —B,\sin9—Bucose—é()\cose—psinﬁ),
C, = Bycosf—B,sinf —O(\sinf + pcosh),
R
C@ - [1 )‘907
R
C@ - [—28“,

[(¢) = stiné’—Cycosé—kRégb:(),
I'(¢y) = Cycosf+Cysinf — RC, =

oo ) ()= ("),

B)\:Ré@+ué,
B, =a\d,

Therefore, we get

which leads to

2

-1
R
where a = <1 + ) . In turn, the expressions for the other coefficients of I' become

I
C, = —(14+a)Xcosf— Rpfsinb,
C, = —(1+a)\dsinf+ Rphcosb,
Co = %)\%
C, = %Aé.

Continuing with the described process, we have that the submanifold S is given by
S={(,y. 0,0\ 1, 2,9,0,0,0, ) eT(@QxR?) /¢=0,4=0,B\=X,B,=ji},
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and T is
~ 0 0 8 0 0

0 0 0 0 8 0
Y S, N ) Y
with
2
D, = —)\92+R—>\g0 +R,u)\g0,

R
D, = aRpH® + apb® + ]—A2<p
1

Observe that the equations for the Lagrange multipliers
A=0(Rp+ ),
= ard,

can be integrated to give

A= Asinf — Bcosf,
1= Acosf + Bsinf — Ry,

where A and B are constants which depend on the initial conditions A(0), £(0). This allows
us to project f( 4,B) to a vector field X4 ) on M giving different vakonomic solutions for each

choice of (A, B). In particular

0 0 0 0
X(070) = ZE'—“‘y ‘l‘e

0 ¥ 0
o 3, "% —|—g08 Rgoé’st% —I—Rgoé’cos@a—y

is just the nonholonomic vector field, I'j, ys, corresponding to the vertical rolling disk (see the

discussion in the end of Section IV).

Now, the Legendre transformation FL£ : T(Q x R?) — T*(Q x R?) is given by

fﬁ(£7y707¢7 >\7u7i‘7y797¢7 }\7 ,LL) = (1’7%97907 )\7u7ﬁmaﬁy7ﬁ97ﬁwvﬁ)\vﬁu)v
where
Pe = X+ Asinf+ pcosf,
Py = Y—Acos+ pusind,
po = L0,
pp = Lp—Ru,
ZA))\ = 07
b = 0.
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So the presymplectic system (M;,w, hi) becomes

M, = FL(T(Q xR?*)=RY,
wy = dx Adp, +dy Adp, + dO A dpg + dp Adp,
1

1 1
hy = 5((ﬁx—Asin@—,ucos@)2—|—(ﬁy+)\cos(9—usin9)2—l—I—ﬁ§+[—(ﬁgp+R,u)2>.
1 2

Applying Gotay-Nester’s algorithm we get the secondary constraints
Xr=—A—pycosf+p,sinf,

R
Xpu =@ '+ pysind + p, cosf — I—ﬁgp,
2

through which we obtain the symplectic hamiltonian system (Ms,ws, hs)

M, = FL(P)=R®,
wy = dx Adp, +dy Adp, +dO A dpg + dp A dp,

1 1
hy = 3 ((1 + a) cos’0p2 + (1 + a) sin*0p;, + I—ﬁz
1
R R
- gﬁ + (14 a)sin 20p,p, — 27 cos 0p.py — 2% gin Gﬁy]%) .
]2 s ]2 ]2

As we have said, the natural bracket associated to the 2-form ws allows us to construct the

vakonomic bracket. This is, for any f, g : M — R we have

{fvg}vak = {fO7~'('7gOﬁ'}M2’
where 7 : My — M is

R
7(2) = (z,9,0,0,(1+a)cos®0p, + (1 + a)sind cosOp, — ]_a cos 0P,
2

R
(1 + a)sin®cosp, + (1 + a)sin® 0p, — ]_a sin 0p,,,
2

Do, —a(R cos 0p, + Rsin 0p, + p,)) .

If Hj; is the restriction of H to M, since H\y; o7 = hy we have

{f,Huirtoar = {fof ho}" = 8(]‘; ) <(1 + a) cos® Op, + (1 + a) sin 6 cos Op, — 2[& cos 9]3¢>
T 2

O/ o %) 2 0 et — 2% suap,) + LoD
3y ((1+a)sm 0p, + (1 + a) sin 6 cos 0p, i sin0pg | + oL

2
80;; ) (ﬁm + fta cosp, — fa sin Hﬁy) 19(f o 7) (—(1 + a) sin 20p>
2Ra

. 5 R 2Ra . . . .
+ (14 a)sin 20p, + (1 + a)2 cos 20p,p, + —,sin 0p.Dy — — cos prp¢> .
2 2
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VIII Consistency of the local construction

In the former sections we have assumed that the constraint functions ®; were globally defined
on the whole of T'Q). Under this assumption, we have defined the extended lagrangian £ on
TP and, by means of the constraint algorithm, we have obtained an equivalent description of
vakonomic dynamics in terms of the vector fields I and T, on S and M,, respectively. An

alternative description was provided by the bracket {, },ax-

In this section, we will discuss the validity of the above results when a change of constraints or

a change of local coordinates is performed. We accomplish the two tasks at the same time.

Suppose that V and V are two coordinate neighbourhoods in the configuration manifold Q
such that VNV # 0, and denote by (¢*) and (g*) the corresponding coordinate functions. Let

O, TV — R, & = juiai?,
®;,: TV —R, i)j:ﬂquBa

be two sets of constraints defining M N TV and M NTV, as in Section II. Notice that both
sets of constraints are obtained by taking two local basis {w;} and {w;} of the codistribution

M?° on V and V, respectively.

Then, for each one, we have the extended lagrangians

L:TVxR") —R, L=L+Npaq",
L:T(VXR™ —R, £=L+Njag"

and we can apply the constraint algorithm. In this way, we obtain the constraint submanifolds
P, and P,
P=(TVNM)xTR" — P =T(V xR™),
Po=(TVNM)xTR™ — P, =T(V xR™).

Assume now that

w; = pealq)dg™ , @; = fi;4(q)dq”
Then, there exist differentiable functions

A{:VﬂV—>R2’”,
/_\;?:Vﬂ\_/—>R2m,

which give the matrices of the change of basis at each point in V NV

Joy o Rk Jxk _ sk
Njwj =, Nop =wj, AjAT =07
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Consequently, we have
i _0q”
A; Hja = NiBaq—A )
B
A figa = ,ujBL -
J an
As a first result we deduce that
Therefore, P, U P, can be glued to form a new submanifold of P; U P, which is in turn a

submanifold of T'(Q x R™).

Remark VIIIL.1 In spite of this, there is no way to extend £ or £ to the whole of P, U P;, so

we will have to consider the process for each neighourhood.

Next, define the transformation

AI Plﬂpl e Plﬂpl
(¢ N g M) (@ AN A,

which permits us to relate the extended lagrangians as
Lipyop, oA=L+ ANN®; = L+ N® = Lpnp, -
This implies that on P, N P, we have
S*(A*dL) = S*(d(A*L)) = S*(dL) ,
and therefore the Poincaré-Cartan two-forms verify
we = A(wz)

on P, N P;. Since the energy associated to both extensions is the same, E;, we deduce that if
I'p is a solution on P, for the constrained system defined by £, then A,(I'p) is a solution for

the constrained system defined by £. In other words, if I'p satifies the equation
(irpwe = dEz)p,

then we will have

(i[\*pbwg = dEg)‘pz .

In terms of their integral curves, we have that an integral curve of a fixed vector field I'p; of

the family of solutions I'p is transformed by A into an integral curve of fﬁg on P, N P,, where
B ok — Aipi 4 gAii 0N
00 A =NMADy+q 9g
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Indeed, if

is an integral curve of Fpé on P, N P, then

A(t) = <vA<t>§%,¢<t>M <t>,v‘<t>%wt>z‘\z<t>> ,

will be an integral curve of f@j on P, N P,. It is very important to observe that, although
0

different, the projections of v(¢) and ¥(t) to M coincide.

Remark VIIL.2 If S (resp. S) denotes as above the submanifold of P, (resp. P,) where a
SODE solution T' (resp. I') exists, then

skl

(19) AT =ToA,

holds on points in S NS, that is, [ and T are A-related on the overlapping. This can be seen
as follows. Recall that I' = I'p; € Ip with D} = e (B%). Since B’ does not depend on A, we
have that I‘Dg(Bi) = T'p;(B") for all T'p; € T'p and we can compute Df choosing any member
of the family I'p. The same is true for the family I'5. Then, taking I'p; and ['sr such that
AT p; = f@k o /_\, we can check that

o N
Dy =Tpe(B') = Lpr(X) =Ty (ALN) = ADf + ¢ 30 2

or, in other words, equation (19) holds.

Remark VIIL.3 Given a “vakonomic motion”, &(t) = (¢'(t)), there are different curves in
P, N P, that project to (&(t),é(t)) € M. Indeed, if we take (¢&',¢g') € M NTV NTV and
(AL, )\6) as initial conditions for the Lagrange multipliers, we can consider the integral curve of
[ starting from (g, N, 4, \i). Now, the curve 5 = Aoy will be an integral curve of I starting
from (¢!, Ag(qé)kg, it Ag(qé)}\g). Both curves project to the same solution of the vakonomic
equations of motion. Therefore, in order to determine an unique curve on M x TR™ whose
projection is (&(t), &(t)), we are forced to specify not only the initial conditions for the Lagrange

multipliers, but also the set of constraint functions such that (i, Ao, &', A\3) € P.

We have seen what happens in the lagrangian formalism when changing of constraint functions.
Next, we accomplish the same task in the hamiltonian context. As a consequence, we will give

later a relation of the above integral curves with the solutions of vakonomic equations of motion.
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By the Legendre transformations F£ and FL associated to £ and L, respectively, we obtain
the presymplectic systems (M, ws, hy) and (M, @1, hy), where

. 1 ) ; . -
M, = fﬁ(Pﬁ, w1 :JT(W% hwoFL=FE;, h) = §9AB(Z7A - A ,uiA)(pB - >\]/J/jB) +U,

— /5 = 7 ~ 7 1_ 2~ i— e i
Mlsz(Pl), @1 :jik(W), thfEZE[:, h1:§gAB(pA—)\uiA)(pB—)\’ujB)+U,
with the obvious notations.

Notice that M; U M, can be provided of a differentiable structure such that it is a submanifold
of T*(V U V) x R™. We also have that the restriction of the standard symplectic form of
T*(Q x R™) to M; U M is the natural extension of the 2-forms wy, &;. However, there is no

canonical extension to M; U M; of the projected hamiltonians h; and hy.

Define the transformations
A MyNM, — M;NM,
(¢" N 5a, 0) — (g4 NN, ppiis,0),
such that the following diagram is commutative

PNP T5% M N

(20) AL LA

P NP Z5% M N

We have

/_X*((Dl) = w1, HlOAIhl.
Applying the algorithm to both presymplectic systems, we obtain the secondary constraint

submanifods
M, ={y € My /xi(y) =0}, xi = piag"® (b5 — M p;n) ,
My ={y e M/ x;(y) =0}, X; = 149" (pp — Nofirp) -
Observe that

v == (55) == (M) —-ato (5t) - Ao

that is,

As a consequence, the set My U M, does not define in general a submanifold of M; U M; C

T*((V UV) x R™). However, we have a nice relation between both submanifolds, indeed,
A(My N M) = My N M, .

It is important to observe that M,NM; is an open submanifold of M,. Therefore, on restricting

the symplectic form wy to M, N My, we do not lose its symplectic character.
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Remark VIII.4 A careful computation shows that /_\‘ Moni, 18 just the identity. Consequently,

we have, for example, that

(ha)\nprnt, = (h2) a0, -
In addition, using (20) and the relations
FLITp)=Tn,, FL(OIp) =Ty, , ATp=TpoA,
we deduce that the vector fields I'y, and I'y;, fulfill along M, N M,

(21) A*FMQ IF* OA.

2

We see that the integral curves of 'y, and I'y;, on MaN M, are, in principle, different. However,

one can easily check that their projections onto M by

: M2 B M ) (qAa )\iaﬁAaO) = (qA>ﬁA - )\i,uiA)a
: M2 — M ) (qAaAi>ﬁAaO) = (qA’IAjA - )\ZlalA) )

N

e

coincide, since
mo A|Mzﬂ]\711 = 7T|Mzﬂ]\711 .
We will now investigate the relation between the corresponding Dirac brackets, and more

interesting, about the induced brackets on the final constraint submanifolds M, and M,

{ons = ({3 =1 0a) s 1),
b = (6} =1 2a}C¥%90. 3) 4, -

Recall that ]\*(Cul)‘Mli = (w1)mynir, - This fact implies that ]\*(@2)|M20M1 = (w2) | mynity -

Consequently, we have for each pair of functions f, g : My — R that

(22) {f,9} o Mppyrir, = {F, 9} 0k,
where k : My N My < M, is the canonical inclusion and f , g : My — R are extensions to M,
Of /_\‘MQOZ\Zl o f|MzﬂM17 ‘/_\|M201\_41 © g|MzﬂM1? respeCtiVGIY'

As a consequence, when defining the vakonomic brackets for functions f, g on M we have the

following two possibilities
{fvg}vak = {f © ﬁvg © ﬁ-}Mz )

{fag}m:{fo%ago%}]\zz'

However, the relation 7 o /_\\Mzm\‘dl = Tapnir, and (22) imply that
{f, g vk ok ={foT,gom}aok={fom gom}y o MNuparr, = {f: 9} ar © Mpsoriny »
which is coherent with the above formula ATy, = Ty, o A.
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Remark VIIIL.5 Therefore, although different, both brackets give the same valid information
about the evolution of a dynamical variable along “vakonomic curves” on M. In fact, given a
“vakonomic” curve on M, &(t) = (¢*(t), pa(t)), we take y(t) = (¢(t), \'(t), pa(t),0) on MyN M,

and A o~(t) = (gA(t), A N(t), pa(t),0) on My N M, projecting onto it. Then, the evolution of

f onto this curve on M will be

SN0, palt))) = (0 7@ (0, AN (1), a(1),0)) = 5 (7 0 7™ (1), X(0), (1), 0)).
that is,

}:|E = f‘| 72(f o 7?->|/7\o'y = sz(f o 7?->|’\/ = f\Ev
or, equivalently, B
fE {f7H\M}mo]\:{f7H\M}vakEf'

Example VIII.6 The vakonomic particle. We consider the case of a particle of unit mass
moving through the space Q = R® subjected to the global nonholonomic constraint & =
Z —yx. In order to illustrate the precedent discussion, we will take, instead of @, the following
constraints

¢:TU — R, ¢(x,y,2,%,9, %) = (2 — yi),
VTV — R Y(x,y,2,2,9,2) = 2(2 —yi),
where
U={(x,y,2) € R’ Jw # 0},
V={(z,y,2) e R®/ 2 #£0}.

1
Here, the lagrangian L is the kinetic energy L = §(x2 + 9% + £%), so the extended lagrangians

are

1
Ly T(UxR) — R, £¢:§(i“2+yz—|—z’2)+)\(x2—xyjs),

Ly, :T(VxR) —R, Ew:%($2+y2+22)+)\(zz’—zy9b).

Since Eqﬂ = ¢ in TU NTV, the transformation A is given by
z

A: T(UNV)xR) — T((UNV)xR)
(.2 8,35 0) (2,2, S G, 2 2N
z z

The 2-forms of Poincaré-Cartan are respectively

we, = drANdi—zydr \Nd\— Aedr A dy + dy A\ dy
+ dzNdi+ MdzAdx+xdz A\dX,
we, = drxANdi—zyde Nd\— Azdx N dy — Aydz A dz

+ dyNdy+dzNdz+ zdz NdX.
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Let 'y, I'y, be the vector fields on P;’ , P2w satisfying
ip¢w£¢ = dEL, ipr£w = dEL .

Then, the coefficients must fulfill the following equations

Co = (N +yBY)z + A2 CY = (\j+yBY)z + \yz
C?‘f = —\rT C;" = —\zi
Co = —\i — Bz CY = —\yi — BYz

The tangency conditions I'y(¢) = 0, I'y (1)) = 0 are reduced to
Co — i —yCg =0, CY — i — yCl = 0.

It is easy to see now that in each case we obtain

g _ )& _ gty
A r  x(l+y?)’
B 2 y(@+ Ay)
A 2\
z  2(1+y?)
so that we have
o _ v YIE+ Azy) 6\, YYGE A+ Azy)
C? = \vy 15 CY = \yz =
C) = —ai Cy = =Xz
0o — y(& + Azy) ov (4 Azy)
: 1 +y? ‘ 1+ y?

Consequently, we have determined the families F% and F%. If we denote by S?, S¥ the sub-

manifolds of P, Py, respectively,

5 1 & g+ day)
S¢ = {yET(UXR)/)\——;—W},
_ 35— f L YlEt+Azy)
SY = {yeT(VxR)/\= . Z<1+y2>},

we have proved that there is a vector field T'y (resp. T'y) of I'p (vesp. I'y) satisfying the SODE
condition and tangent to S? (resp. S¥). These vector fields are determined by

ot = (2 ) () (v ) st )
¢ [m+ﬂ —c;fl (1iy2)+1iyy21 ’
- () () )
A . A\
_ ZC -V (1+y) glz(liy)+1+yy2]'
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A straightforward but tedious computation shows that
A*f¢ = fw e} A .
We pass now to the hamiltonian description of the problem. The Legendre transformations are

FLy: T(U x R) — T*(U x R)
(x7y7z7)\7'i‘79727x) — ('rJy?Z?A7jj_Axy’y.7z'+)\x70)7

FL, : T(V x R) — T*(V x R)
(a’:7 y7 Z? )\7 l"? y? 2':7 )‘\) — (:E? y? Z? A?'Z'E_ )\Zya y.’z.—‘l_AZ? O) *

Therefore, we have that

MY = FLyT(UxR))={z#0, pr=0} =R"/{x =0},
MP = FL,(T(V xR))={2#0, pr =0} =R"/{z =0},

with Poincaré-Cartan 2-forms and hamiltonian functions given by

wg = dx Ndpy +dy Ndpy,+dzNdp,,

1. . A
it = [ i ]
wy = dx ANdpy +dy Ndp,+dz Ndp, ,
1. . A
W= S [+ Ae) B (5 — 027

It is inmediate to see that hqf oA = hff. The corresponding secondary constraints are

oh? X X

Xo = —y = (= (P2 + Azy)y + p. — A1),
onY X X

Xy = _8—; = Z(_(px + )‘Zy)y +p. — )‘Z) )

A —
and, in fact, we verify that —x4 = xy o A. The final constraint submanifolds in the hamiltonian
x

side are

o ) _ﬁz_yﬁx — 6 _
M3 = {weMl/)\—ix(leyz)}_R/{x 0},

v ¥ _ﬁz—yﬁx N _
My = {weMl/A—72(1+y2)}_R/{z 0},

with 2-forms and hamiltonians

wg = dx Ndpy +dy Ndpy+dz ANdp,,
wy = dx ANdpy +dy ANdp, +dz Ndp, ,

]‘ AZ‘ A272
e — Y — ((P + yp-)

2
2 = 5 +p

1+y2 y)‘
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Note that wy and w,, are not the same 2-form, because they are defined on different manifolds,
that is, Mf and M;Z’ , respectively.

To define the vakonomic brackets, we have

T M§’ — M

s oo - Pe=Ubs 5 5 Da—up
(2,9, 2, Pu, By, P=) (2,9, 2, Do + Y5725, By, - — BT8")

Ty Méﬂ — M
(#,4, 2, Pas Dys D2) (2,9, 2, Do + Y5756, Dy, D> — Bpis®) -

Given f, g : M — R, we have on M{ N MY that

{f7g}fak: {fo7~r¢,go7~r¢}M§ :{foﬁw’goﬁw}M;ﬁo‘/_\: {fag}fako]\'
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