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Abstract

Motivated by the development of novel and practically implementable coordination algorithms for multi-agent
systems, here we investigate the adaptation of classical best-response dynamics by means of self-triggered com-
munications. First, we show that, if the best-response dynamics is defined for a continuous-action-space potential
game, convergence towards the Nash Equilibria set is guaranteed under some continuity assumptions on utilities
and component-wise concavity on the potential function. Then, we modify the best-response dynamics to account
for a self-triggered communication strategy, with the aim of producing economic communications while ensuring
convergence to the equilibrium set. The proposed algorithm is then analyzed using hybrid systems theory. We
illustrate the results in an example of autonomous agents for their optimal deployment on a one-dimensional
environment. Finally, we present some simulations that demonstrate the performance of the proposed strategy for

the sensor network.

I. INTRODUCTION

The last years have witnessed an intense research activity in the development of novel distributed algorithms for
multi-agent systems with performance guarantees. A particular effort has been devoted to the study of game-theoretic
approaches that can model and regulate selfish agent interactions. By means of these, the multi-agent coordination
objective is formulated in terms of Nash Equilibria (NE), which correspond to the natural emergent behavior arising
from the interaction of selfish players. Due to their modularity, game dynamics can easily be implemented by agents
relying on local information, leading to a robust performance. Even though the resulting emerging behavior may not
be optimal, it is generally expected that the behavior is as close as possible to that of the benchmark given by a
centralized design. Modularity also leads to a more robust performance when facing local failures. However, finding
algorithms to reach a NE is not always an easy task, mainly due to the fact that for some games, the NE is very
difficult to compute, and even some games do not have any.

The best-response dynamics describes an interaction in which each player is able to compute its own best action
against other players’ action profile. Then, the player’s action evolves continuously towards its best-response set.
Convergence of the best-response dynamics has been studied for games under well defined conditions. In [1], this
convergence is proven for finite zero-sum games with bilinear payoff functions. In [2] the authors study convergence
of the best-response dynamics for potential games with continuously differentiable potential function. Unlike these
results, our work considers potential games for which the potential function is not differentiable everywhere. In [3], the
authors consider best response dynamics for two-player zero-sum games, with concave and convex payoff functions.
Convergence to the saddle point set is proven, since this set corresponds to the NE set of the game. In [4], the authors
extend the above result to a two-player zero-sum continuous game with quasiconcave and quasiconvex continuous

payoff functions. Our work differs from these because we consider n-player potential games with component-wise

A. Cortés and S. Martinez are with Department of Mechanical and Aerospace Engineering, University of California, San Diego,9500
Gilman Drive La Jolla, CA 92093-0411{aicortes@ucsd.edu, soniamd@soe.ucsd.edu}.



pseudo-concave, component-wise quasiconcave, potential function. For discrete-time dynamics (iterated games) in
potential games with bilinear payoffs, a NE can be reached [5].

Probably the most favored field with developments in multi-agent control, is the control of robotic networks, which
includes coverage control. The objective is to allocate a set of agents, each one with a specific radius of action, to
a bounded environment, in such a way that the final agents’ position maximize certain performance metric [6]. A
recent body of work formulates coverage control by means of non-cooperative games. In this way, each (selfish)
player tries to maximize its own utility (sensing quality) in a competitive way leading eventually to an emergent
global welfare (area coverage). Works in [7], [8] formulate sensor network deployment as potential games, in a finite
action environment. These papers adapt learning mechanisms from Game Theory to handle partial information and
constrained motions in sensor networks.

The idea of restricting communication efforts to time instants at which it is absolutely necessary to have current
information leads to the self-triggered and event-triggered concepts; e.g. see [9], [10], [11] and references therein.
This idea has been recently extended to the context of multi-agent systems and distributed optimization with
applications to cooperative control [12], [13], [14], [15]. The present work contributes further to this area by studying
a complementary game-theoretic setting. A main difference with gradient-based methods is given by the need of
estimating the evolution of best-response sets as agents’ actions change with time.

More precisely, we start by analyzing the convergence properties of the continuous-time best-response dynamics
for a continuous-action-space game by means of the invariance theory for set-valued dynamical systems. We show
that all the solutions of the best-response dynamics converge to the NE set of the potential game for component-wise
pseudo-concave, component-wise quasiconcave potential functions. The continuous-time best-response dynamics is
not practically implementable as it requires continuous communications, thus we introduce a novel self-triggered best-
response dynamics relying on Lipschitz payoff functions. Then, we prove how this strategy still ensures convergence
to the set of NE while regulating the communication effort according to its need. The results are applied to a 1D
agent deployment problem formulated as a potential game, where agents can vary both their position and their
coverage radius. A similar result has been presented in [16], where the self-triggered best-response dynamics is used
for 1D agent deployment where agents can vary their positions, but have fixed radius. A self-triggering law based
on the Lipschitz ¢ ontinuity of the best-response sets for all players is introduced.

The paper is organized as follows. In Section II, we introduce briefly some game theoretical concepts that are
used throughout the paper. Section III contains the description of the best-response dynamics, as well as its
convergence analysis towards the NE set. In Section IV, we present our self-triggered communication strategy and
show convergence of the solutions to the NE set. Then, in Section VI, we present a complete agent-deployment
example modeled as a potential game that holds the properties to use the best-response dynamics. We show some
simulations demonstrating the performance of the proposed self-triggered best-response dynamics on the example.

Notations. In what follows, sign : R — R is defined as sign(z) = 1 if x > 0, sign(z) = —1 if x < 0, and
sign(z) = 0 if # = 0. Let S be a subset of R", then co(S) denotes the convex hull of S, S denotes the closure of
S, and p(S) denotes the diameter of S, p(S) = sup, ,eg ||z —yl|. If f is a map, dom(f) represents the domain of
f- The open ball with radius r centered at z is denoted as B,.(z). Given f : R™ — R, we define a level set of f as
f~Yr) = {z € dom(f) | f(z) = r}. For A, B two subsets of R", we denote A\ B = {x € A |z ¢ B}. Let A be a
subset of R™. Then, int(A) represents the interior, and bnd(A) represents the boundary of the set.



II. GAME THEORETICAL NOTIONS

In this section, we first introduce some basic definitions from Game Theory [5] and an adaptation from [8] to deal
with constrained motion coordination problems.

Definition 2.1: A continuous-action-space game is a 3-tuple I' = (I, X, u), such that (i) I = {1,..., N} is the set
of N players, (ii) X = Hfil X; C R is the action space of the game, with X; C R™, i€ I, d = >, i, a compact
and convex set representing the action space of the i*? player, and (iii) u: X — RY is a function whose component
u; : X — R defines the payoff of the i*" player, i € I.

As opposed to discrete-action games, note that the possible action of a player can take values in a compact and
convex set, resulting into a continuous-action-space game.

Let #; € X; C R™ be the action for the i*" player and x € X be the action profile for all players, such that
x = (z1,...,2x)". In the sequel, we will use the notation = (x;,7_;), where x_; € X_; = HJEIJ.# X, for all
i € I, are the actions of all players except that of the it" player.

A repeated, continuous-time, game associated with I', R(T"), is a game in which, at each time ¢ € R>¢, each agent
1 € I modifies z;(¢t) € X; simultaneously while receiving u;(2(t)). This is in contrast to repeated, discrete-time games,
which follow a discrete-time schedule.

In the context of (vehicle) motion coordination, agents’ actions can be identified with system states, and thus it
makes sense that these change in continuous time according to some vehicle dynamics. In particular, the way in
which player ¢ modifies x;(¢) can be constrained by a (state-dependent) set W. Let W;(z;,x_;) C X; be a constraint
subset associated with © € X, W(x) = ILie;Wi(x) C X, and W = U{(z,W(z)) | z € X} C X x X. We will refer
to W as a fiber bundle over X. The introduction of W leads to the notion of constrained repeated game associated
with T and W, R (T'), and the following equilibrium concept.

Definition 2.2: Let I' = (I, X, u) be a continuous-space game and W a fiber bundle over X. A constrained Nash
Equilibrium (NE) for I' with respect to W is an action profile (x7,2* ;) € X such that u;(x;, 2* ;) < w;(z},2z*,), for
all z; € Wi(zf,z*,;) and all § € I.

We will use such W to represent collision-avoidance type of constraints, or restricted reachable sets, thus it will be
additionally assumed that z € W (z). For example, a velocity saturation constraint of vy,,x may simply be expressed
by the limited reachable set W;(x) = W;(x;) = B, (;).

Out of different classes of games, the notion of potential game [17] is of particular interest since the incentives for
all players can be captured by a single function.

Definition 2.3: Consider a game I' = (I, X, u). Let us assume that there exists a function ® : X — R such that
sign (w;(zs, z—;) — ui(x}, x_;)) = sign (® (x4, x_;) — ®(x},x_;)),
for z;,a} € X;, x_; € X_;, for all 7 € I. Then, the game is called an ordinal potential game. Moreover, if
wi(zi, i) —ui(2h,w_y) = (x5, 2_) — P(a}, x_y),

for x;, 2, € X;, x—; € X_;, then the game is called an ezact potential game.



III. CONTINUOUS-TIME BEST-RESPONSE DYNAMICS

Here, we introduce some basic facts about continuous-time best-response dynamics [18] and show their convergence
to the set of equilibria under some general conditions.

Let I' = (I, X, u) be a continuous-space game, let W be a continuous fiber bundle over X, such that W;(x) convex
and compact for all x € X, i € I, and consider the constrained repeated game associated with I" and W, Ry (T).

Definition 3.1: The best-response dynamics for Ry (I') is defined by the differential inclusion F : X =3 R4,

Fi(z) =BR;(x_;) —a; = argmax,cyy, (z) ui(y,x—;) — x4, for all 4 € I. That is,

#; € Fi(x) :=BRi(x—;) —xy, i€l (1)
We denote F(z) = BR(z) — z for conciseness. Existence of solutions for differential inclusions is guaranteed for F,
nonempty, upper semicontinuous and taking compact and convex values. Let us assume that payoff functions u; are
continuous maps on X. By compactness of X, u; reaches its maximum value on X, and the set of maximizers is
compact. Then, F; is nonempty and takes compact values. Further, let us assume that u; is quasiconcave on W.
Then, the set of maximizers of u; and F; are convex for each z € W'. By continuity of u; on X, and continuity of
W, we can apply directly the maximum theorem [19] to conclude that F; is upper semicontinuous for each i € I.
Alternatively, in potential games, one can exchange the continuity assumption on the w; by continuity on ®. Since
F; is nonempty, compact, convex and upper semicontinuous at every x € X, and each i € I, there exists a solution
to (1) for every initial condition. These solutions are absolutely continuous functions, ¢ : [0,400) — X, such that
0i(t) € BRi(p_i(t)) — @i(t), for almost every t € [0, +00), and for all ¢ € I; see [20]. The equilibria set of system (1)

is
X*={xe X |z, €BRi(z_;), Vie{l,...,N}}. (2)

This set corresponds exactly to the set of constrained Nash equilibria for I with respect to W.

The above theorem will be used to analyze the best-response dynamics associated with a potential game. The
potential function should satisfy the following property.

Definition 3.2: Let Y C R be a convex set. A potential function ® : Y — R is said to be component-wise pseudo-
concave (respectively component-wise pseudo-conver) if for every i € I, and every w = (w;, w—;),y = (yi,y—i) €Y,
and s € (0,1), with y_; = w_;, it holds that if ®(w) > ®(y), then ®(sw; + (1 — s)y;, w—;) > sP(y;,w_;) + (1 —
s)sb(w;, y;) where b(w;,y;) is a positive function (respectively if ®(w) < ®(y), then ®(sw; + (1 — )y, w—;) <
D(y;, w—;) + (1 — s)sb(w;,y;) where b(w;,y;) is a negative function).

Similarly, ® is said to be component-wise quasiconcave (respectively component-wise quasiconvex) if for every i € I,

and every w = (w;,w—;),y = (yi,y—;) € Y, and s € (0,1), with y_; = w_,, it holds that ®(sw; + (1 — s)y;, w—;) >
min{®(w;, w—;), ®(y;, w_;)} (respectively if ®(sw; + (1 — 8)y;, w_;) < max{P(w;,w—_;), P(y;, w—_;))})-
In the following, we make use of Theorem 1.1 to show convergence of the best-response dynamics to its equilibria
set under certain conditions. Definitions of regular function, generalized gradient, set-valued Lie derivative, and
generalized LaSalle’s Invariance Principle can be found in Appendix A, B.

Theorem 3.1: Let ' = (I, X, u) be an ordinal potential game with potential function ®. Let W be a continuous

fiber bundle over X such that W;(z) is compact and convex for all € X, ¢ € I. Assume that ® is component-wise

1 Alternatively, the same result holds for a potential game with a component-wise quasiconcave potential function (Definition 3.2).



quasiconcave, component-wise pseudoconcave with b; continuous over each W(z), € X, Lipschitz, and regular over
X. Let F: X 3 R? be the best-response dynamics for Ry (I'). Then, all solutions of the system i € F(x) converge
to the set X* of constrained Nash equilibria defined in (2).

Proof: Consider ¥ = —®. Since ¢ is component-wise pseudoconcave, then ¥ is component-wise pseudoconvex.
We will see that ¥ is a Lyapunov function for our set-valued map; that is, it holds that max LU (z) < 0, for all
reX.

Let z be a point in X. Any v € F(x) has the form v = 2* —z, with * € BR(z). Define 0y C X as the zero-measure
set for which W is non-differentiable. Consider a ¢ € OW(x) of the form ¢ = lim;, V¥ (y*), with y* — =z, y* ¢ Qy. If
x* = x, then it trivially holds that v7'¢ = 0. Suppose that z* # x. Since BR is nonempty and upper-semicontinuous
for all 2 € X, it holds that there exists a sequence z¥* — x* such that 2** € BR(y"), for all k. Thus, we have
vT¢ = (2% — 2)T limy, VU (y*) = limg (2% — y*) TV (yF).

Let us define V;U € R™ as the partial derivative of U with respect to the action of the i*" player. Since ¥ is
differentiable at y*, the term (x** —y*)T VU (y*) is the directional derivative of ¥ at y* along the direction z** —y*.

In particular,

vT¢ = lim (2" —y*)TVE(YY)
k—o0

= lim Y (27" — ) Vi¥(y")

4
k—o0

el
. k
= lim } (27" — g 0-) V(")
el
. Wy 4 R = yb) k) — U (R)
= lim lim ,
k—o0 Pyt h—0 h

where in the last equality we have used the limit definition of directional derivative.

Notice that since z¥* € BR(y¥), then it holds that ¥(y*) > \I/(xf*,y’jz) for any i € I. Moreover, since x # x*,
we have that there is a k; < oo for which y* # x%* for all k& > k;. Next, assume that x ¢ BR(x), then there is an
i € I such that x; ¢ BR;(z). By continuity of ¥, the set BR(z) is closed, therefore for each z; € W;(x) \ BR;(z)
there exists e such that B.(z) N W;(z) C W;(x) \ BR;(x). Therefore, there is ko < oo such that y¥ ¢ BR,;(z%*) for
all k > ko. Thus, when we study the behavior as k — oo, we will consider only sequences y* such that y* # z** and
y* ¢ BR(y").

Using the fact that y¥ ¢ BR;(y*) and by component-wise pseudoconvexity of W, it holds that since \Il(xf’*, yk,) <
W(y*), then W(yk +h(zF* —yk) y% ) < O(yi, vF,) + (1= h)hb;(z¥*, y¥), for any h € (0,1), and each i € I. From here,
Wy + h(@E* — k), k) — BR) < (1 — h)hbi(2¥* k), which implies that limy_g L& @ VDRI -06Y
bl(xf*,yf) Now, for each j € I such that yf € BR;(y"), we have that ¥(y*) = \Il(xf’*,yﬁj). It means that yf and

o are minimizers of (., yk J) By component-wise quasiconvexity, the set of minimizers of ¥(-, y* ;) is convex, then

Pyt -y yt )Y
. =0.

U (ys + h(w?’* —yh),yF ;) = W(y*) = U(a™*), therefore we can conclude that limy, o



Then, it follows by using the continuity of b; that
v¢ = lim (¢ —y") VI (yy)
k—o0

. k,* *
< lim by = Y bial ). (3)
iel icl
y; #BR; (y") ©;¢BR; (z)
Now, consider the case when € BR(x). In this case, if z € int(BR(z)), there exists € > 0 such that B.(z) C BR(z).
Note that for h — 0, (z; + h(z} — x;),2—;) € Be(x) C BR(z). Then, ¥(z; + h(z} — x;),2_;) = ¥(z;,z_;), and

limy, o \I’(“Jrh(m:*?)’”i)*wﬂ = 0, for each i € I. It implies that v7¢ = 0. If 2 € bnd(BR(z)), there are: i)

sequences y* — z such that for every k, y* ¢ BR(y*), ii) sequences such that y* € BR(y") for all k, and iii)
sequences such that there is a subsequence {y*'}; € BR(y*) and a subsequence {y*'}; C W(zx) \ BR(y*). In case
i) we follow the same analysis as that for = ¢ BR(x), then v7'¢ < 0, in case ii) the analysis is analogous to that for
x € int(BR(x)), to show that vT¢ = 0. In the third case, if x is a point of non-differentiability, the gradient of ¥ at
y* does not converge, then we do not need to consider these sequences. If ¥ is differentiable at z, then, as z; is a
minimizer of W(-,z_;), for all i € I, we have that vT¢ = 0. Hence, v'¢ < 0 for all z € bnd(BR(x)). Then, we can
conclude that for all € X, it holds that v7'¢ < 0 for all sequences y* — z, such that y* ¢ Qg and lim;, V¥ (y*) = ¢.

Now consider any ¢ € 0¥(z). By the definition of generalized gradient, there exist ay,...,q;, with 0 < a, < 1,
and aj + --- + a; = 1, and sequences {y*1},..., {y*'} converging to x such that ¢ = ajlimy, VU (y*1) + .- +
ay limg, V¥ (y*1). Then it follows that v7'¢ = a0 ¢y +- - -+ ayvT'(;. Using the previous analysis for each (s, it follows

that vTQ < 0. From here we conclude that max LU (z) < 0 for all z € X. From the generalized LaSalle’s invariance

principle, we have that all solutions will converge to the largest invariant set contained in X N{x € R¢ |0 € LrU}.
In the following, we prove that the largest invariant set is contained in X*.

*

Suppose that x ¢ BR(x), and = belongs to the invariant set. Take a z* € BR(z), define v = z* — z, and
take a ¢ € O¥(x) such that ¢ = limy, V¥ (y*), with y* — 2, when k — +oco. From (3), we have that v7¢ <
S er bi(xf’*,yf) < 0, where, the second inequality follows from the fact that there is a j € I such that
Z; méglgll%;a_j). Taking the maximum over BR(x), we have that

max (z* —2)7¢ = maxv?¢ < max bi(x),x;) = bi(Z), x;).
B TS m S et = X bieta)
z;¢BR; (x) z;¢BR; (x)
That is, the continuous function ), ; b;(7}, z;) achieves its maximum over the compact BR(x) at some 7* € BR(x).
Note that the inequality holds for all ¢ of the form considered. Since = ¢ BR(z), z* # z, then ¥(z},2_;) < ¥(x) for
some i € I, hence we have that > er  bi(zF,z;) <O.
Now consider any ¢ that is a convex combination of ¢, = lim, V¥ (y*s). From the above considerations, we have

that

vI¢=awl¢ + -+ ap®(

<or Y bi(ELw)+ota Y bi(@ )

i€l i€l
z;¢BR; () z;¢BR;(z)
= E bl(i;‘,xl) < 0,
el

z;¢BR; ()



for all v and ¢. From here we conclude that 0 ¢ Lp¥(x), if x ¢ BR(z). Thus, z does not belong to XN{z € R? | 0 € LV},

which is a contradiction. [ |

IV. SELF-TRIGGERED COMMUNICATIONS IN BEST-RESPONSE DYNAMICS

In this section, we present a sufficient self-triggered communication law as in [13] to lower the frequency at
which neighbors’ information needs to be updated while still guaranteeing convergence to the set of NE. It is worth
highlighting that the amount of neighbors from which information needs to be updated for each player, depends
uniquely on the sparsity of the game. That is, our law does not deal with generating a distributed execution of a
non-distributed game, but it rather has to do with reducing the time-between-updates. Proofs for all results in this
section can be found in Appendix C.

Let {t1}72, C Rxo, such that ¢} <t} 41, be the time sequence at which player ¢ updates information about other
players, for each i € I. Assume that the i*" player has obtained up-to-date information of agent j € I\ {i} at some
time ¢¢. In what follows, we aim to estimate the largest possible time ¢ 1> t! that an agent i can wait for in order
to update information about neighbors while guaranteeing convergence to the set of NE of the game. To do this,
we assume that each player has available up-to-date information about its own state at every time ¢ > t}. The ith
player’s action is driven by

5i(0) € BR;(z—(t},)) — xi(t), if zi(t}) € BRi(z-i(t})), @
{0}, otherwise,
for time t € (t},; ,]. See Remark 4.1 about the introduction of zero when z;(t},) € BR;(2_;(t},)).

In the sequel, let us assume that each agent payoff function is Lipschitz continuous with Lipschitz constant L; > 0;
that is, |u;(z!) — ui(2?)| < L;||lzt — 22|, for any 2!, 2% € X. Let us assume that player i knows L;. This will help us
to compute a self-triggering condition which makes each agent update information whenever its payoff is no longer
increasing. First, let us find an upper bound on uncertainty about other player’s action with respect to time.

At time t};, player ¢ knows other players’ actions, and thus can compute precisely its best-response set, as well as
the value of u; (2} (t%), z_;(t})), where x}(ti) € BR;(x_;(t})). Let j € I be an arbitrary agent j # i. Let [ be such that
t{H >t > t{ for the given k. Notice that since BR; (J:_j(t{)) is compact, there exists a point xi—‘“t € BR,(z_; (t{))
such that xg.aSt € Argmax, cpp (,_ (1)) ly — z;(t})]|. Then, the magnitude of #;(t) defined in (4) is maximized by
xg-“t, for all time ¢ € ( };,t{+1] (i.e., &;(t) = xﬁa“ — z;(t) has maximum norm). Assume that z;(t}) ¢ BRj(t{). Thus,

a fastest solution of (4) for ¢ € (ti,¢], ], is z;(t) = wlost — (glast — g (ti))e~(t=%). This implies that the distance

[|;(#) —2;(t},)|| is upper bounded by ||zt —a; (¢} ) | (1 - e_(t_ti)), for t € (¢, ¢, ,]. However, the i*" player does not
know the 5 player’s best-response set, then, the only option is to compute the worst possible case with the available

information. Assume that all agents know the action space X. Then, the i*" agent can find a point x?ar(t};) € Xj,

which maximizes the distance from the last known position of j. That is, 2% (t}) € argmax, x;, [l () = yl|. Then,

ot — st (1= e ) < Jlaf — el (1 - ")

holds for every t € (ti,t]

1+1]- Since the left-hand side of the inequality above is an upper bound for the movement of



j, for t € (i, t{H], we have that

g 1) — 25 () < e (6) = a5 (1 - e D). (5)

At this point, we can neglect the assumption of z;(t}) ¢ BRj(t{), since, if z;(ti) € BR; (t{), then the solution is
trivially x;(t) = z;(t%), for t € (i, t{H]. Therefore, the upper bound in (5) holds.

Lemma 4.1: Inequality (5) holds for all ¢} < .

Next, we can find an upper bound for ||z_;(t) — z_;(t%)| as

Sl (t) — 2 (11— e 00) > flo i) — 2 () (6)
JE\{i}

This upper bound only depends on information available to player i up to time ¢i. We will use it next to determine
the time-update instant ¢ _ .

Next, we use the Lipschitz property of u;, to obtain

i} (), w—i (1)) Zui(@] (1)), 2-i(t)) — Lillz—i(t) — a—i(t}); (7)

and similarly,

wi(i(t), w3 (t})) <wilzi(ty,), z—i(t},) + Lillo_i(t) — z_(t})|l (8)

The following lemma states a combination of the bounds in w; in equations (7), (8), and the bound on |z_;(t) —
z_;(t})| from Lemma 4.1, to formulate the self-triggering update condition for each player.

Lemma 4.2: Let T = (I, X,u) be an ordinal potential game with potential function @, fulfilling all properties
defined in Theorem 3.1. Assume that u is Lipschitz over X. Let W be a continuous fiber bundle over X such that
Wi(z) is compact and convex for all x € X, ¢ € I. Let us consider the self-triggered best-response dynamics as
defined in equation (4). Let € > 0, and suppose ti > o is the last time instant when agent i updated information
about other agents. Consider any x}(t;,) € BR;(z_;(t},)). Let t!,; be a positive constant. If ], > ¢} is such that

either

w(@ (), (t) = 2L Y Jag(th) = 2B @l (1= e o) —wi(@ith) v () +o (9)
Jjen{i}
provided z;(t}) ¢ BR;(z_i(t})), or t} , =t} + i, if 23(t],) € BRi(x_i(t})), then it holds that ®(z;(t),z_(t)) <
®(xy(t),), x—i(t)) for all t € (¢, t}_,], such that z;(t}) ¢ BRs(x_i(t},)), and ®(x;(t), z_;(t)) = P(2;(t},), x_i(t)), for
all t € (t),,t;,4], if x;(t},) € BRi(x_i(t},)).

Notice that the difference ¢}, — t}, is upper bounded as

; i
Uy — 1y

2L; N maxjes p(X;) 4
Smax{log<2LiNman€Ip(Xj)_L’ip(Xi)_e » bvait -

It can be shown that this upper bound follows from (9), but we omit its computation for brevity. This bound will

be important to establish precompactness of solutions in the analysis in Section V.



Remark 4.1: Here, we analyze the behavior of player i if its dynamics was given by
@; € BRi(z_i(t},)) — zi(t), (10)

for t € (¢, t:’ic—i-l]' If for some time in (t};,t};+1], player 7 is not in its best-response set, the self-triggering time-update
policy of Lemma 4.2 guarantees that the payoff at time ¢ is at worst less than the last known best payoff by some
e > 0, provided z;(t;) ¢ BR;(z_;(t},)). Notice that ¢}, is the maximum time when this property holds. Then, at
th ., information is updated by player i and uncertainty becomes zero again, leading to a new best-response set.
This will produce a larger or equal payoff than the current action’s payoff. In particular, if the payoff value is the
same, then x;(t; ;) € BR;(z_i(t},))-

Suppose a player has reached its best-response set and follows the dynamics (10). Once in BR;(z_;(t})), the
motion of player i can evolve arbitrarily in the set. In the meantime, the evolution of BR;(x_;(t)) can lead to
a situation where BR;(x_;(t)) # BR;(z_;(t)), while z;(t) € BR;(x_;(t)). In this case, moving toward a point
y € BRi(z_;(t})) \ BR;(z_;(t)) will clearly produce a lower payoff. Thus, the set of velocities that an agent can
take needs to be restricted, and it makes necessary to estimate how the best-response set will evolve. Alternatively,
one can leverage the fact that z;(t}) € BR;(z_;(t})), to prescribe the agent velocity to be zero. This motivates the
definition of a self-triggered best-response dynamics as in (4), and not as in (10). By means of this, one can guarantee
D(ai(ty), z—i(t)) = P(i(t), x—(t)) if and only if z;(t) € BR;(z_i(t})).

O

Remark 4.2: The self-triggered best-response dynamics in (4) may lead to a zeno-behavior in some examples.
That is, as agents approach their best-response sets, they may require information updates more and more often,
creating an accumulation point in the time-update sequence. This is a typical trait of general event and self-triggered
dynamics. In general, the only way to guarantee a lower bound on the time between updates by this approach is to

k+1
i

force it, for example by taking the (k + 1) update time as max{tF + At i, , where Aty is a small positive
number. Introducing this constant is an acceptable trade-off: on the one hand, the nature of the self-triggered
approach is still preserved as much as possible, i.e., if possible, communications will be reduced by being triggered
at times larger than Aty;, until being close to converge, leading to a type of practical convergence. On the other

hand, the zeno-behavior is forced to disappear.

V. SYSTEM ANALYSIS VIA INVARIANCE THEORY

In order to formally analyze the self-triggered best-response dynamics, we overapproximate it by means of a
larger hybrid system whose solutions include those of interest. To do this, first we associate each agent with a
data structure P’ = (z;,2" ;,t;) € X X Rxq, where 2*; = (2})jer € X_; represents the information that agent i
maintains on all other agents j # i, i.e., x';(t) = x_;(t}) for t € (t},t} ], and t; =t —t} for t € (¢},t} ,]. Then,
P = (P...,PVN) € (X xRs0)¥ = O is an extended state that includes the data structure P’ for each agent.

Finally, let us define the projection 7 : O — [[,.;R™ as n(P) = (m;(P)) = (z1,...,2n). Using this new notation,

iel
we can write the self-triggering condition of Lemma 4.2 as A;(P) < 0, where

AZ(P) = ’U,,L({I?;l'il) — 2L1 Z ||£U; — x;ar” (]. — e_ti) — ’U,,L("EZ,(EZI) — &, (11)
JjeI\{i}
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with [|zf —2f7|| = maxyex; [|#%—yl, and 27 € BR;(«" ;). We now define a hybrid system on O = (R%xR)" as follows.
First, let C C O be the set C = NicrCi = Nier({P € O | Ay(P) >0, z; € Wi, 2t ,) \ BR;(2" )} U{P €O |t; <
tiaie and x; € BR;(2;)}). Secondly, we let D = U;er({P € O | A;(P) <0 and z; € W;(zy,2% ;) \ BRi(2%,)} U{P €
O | t; > ti ., and z; € BR;(2,)}). Define the flow map F : O =3 O as F(P) = ;e F;(P), with F;(P) =
{(z¥ —mi(P),0,1) | z¥ € BR;(z*,)}, for all i € I. Define the jump map G : O =3 O so that Y € G(P) if and only if

Yi e {P,(x;,2_;,0)}, for each i € I. Finally, define the hybrid system H = (F, G, C, D) as

PecF(P), ifPeC,
Pt eG(P), if PeD.

Solutions for this system are given by functions ¢ : E — O, such that for each j € N it holds that ¢t — ¢(¢, j)
is locally absolutely continuous on the interval I? = {t € R>q | (t,j) € E}, where E is a hybrid domain; see the
Appendix E for the definition of this concept. Let Sy be the set of all solutions of H. By definition of H, for each
P € D, it holds that P € G(P). It means that the hybrid system overapproximation generates solutions that remain
at the same fixed point P via infinite switching. However, note that these are not solutions of the self-triggered
best-response dynamics. Additionally, the set Sy contains trajectories that allow motion inside BR;(x% ;) when x;
has reached BR;(z" ), see Remark 4.1. Given that A; is a continuous function of P, the sets C' and D are closed
sets in O. Under the assumption that the wu; are Lipschitz over X, and ¢ is component-wise quasiconcave, one can
see that F' has compact, convex values, it is also locally bounded, and outer semicontinuous in C. The map G is
outer semicontinuous by construction.

Let ¥ = —®, and consider its extension ¥ : O — R defined as ¥(P) = ¥(n(P)) = ¥(x1,...,2x). In this way,
¥ is a continuous function on O, and a locally Lipschitz function on a neighborhood of C'. We now focus on the
trajectories of H whose velocities take values in a subset of the differential inclusion. In other words, we define

F:030 as F =1, F;(P), where

(0,0,1), if z; ¢ int(BR;(22,)),

(BR;(z%;) — x;,0,1), otherwise.

We have that F(P) C F(P) for all P € O. Note that F selects the velocities according to the self-triggered dynamics.
Lemma 5.1: The following holds:

max LzV(P) <0, VPeC,

max W(PT)—¥(P)<0, VPeD,
PTeG(P)

Moreover, if P € C'is such that for some i € I, z; ¢ BR;(z% ), then max Ef\i/(P) < 0.
Proof: The condition maxp+eq(p) ¥(PT) — ¥(P) < 0 holds trivially, as U(P*) = ¥(P) for any P € O and
Pt € G(P). In order to verify the first condition, we follow along the lines of the proof of Theorem 3.1.
Consider P € C. Any V € F(P) can be written as V = (V! ..., V") where each component V? has the
form V¢ = (zF — 2;,0,1), for some 2 € BR;(z%,) if 2; ¢ BR;(2%,), or V' = (0,0,1) if z; € BR;(2",). Let us write
V = P*—P, for an appropriate P*. Consider any ¢ € 9¥(P) such that ¢ = limj, V¥ (Y*), with Y* — P, and Y'* ¢ Q5.

For convenience, let us recall that Qg is the set of points at which U is non-differentiable. Since U is independent
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of the components x! ;. t;, note that ¢* = (m;(¢),0,0). If V¥ = (0,0,1) for all i, then it holds trivially that ¢TV = 0.
Suppose then that V? # 0 for some i € I. Since Y* — P we can write V¢ = limy,_, o (P* — Y*)V¥(Y*). Denote and

y* = 7(Y*). Using component-wise pseudoconvexity and component-wise quasiconvexity of ¥, the computations in

the proof of Theorem 3.1 can be repeated until we reach that VI'¢ <> e bi(zF,z;), for all ¢ € 9¥(P).

Now, for P € C, either the condition A;(P) > 0 holds for some 14 gfgaBs?i(ex)BRi(mi_i), for all 4 € I. Then, by
Lemma 4.2 it is true that ¥(xf,z_;) — ¥(z) < 0, for all i € I. Thus, we have that V¢ < 0. The result can be
extended for any ¢ € ¥ (z) similarly to Theorem 3.1. Therefore, maxz LF\TI(P) = maxy, VT <0.

To prove the second part of this lemma, note that max EF\TI(P) = maxy,¢ VT¢, and maxy,¢ VT¢< MAX,+ ey | 4, €BR, (27 ,)}
ST ier  bi(xr, ;). Since b;(xF, x;) is continuous for all i € I, and BR;(x? ;) is a compact set, the right-hand side of
thg iagk?oRé(ezi)nequality achieves its maximum at some z; € BR;(z" ;) for all i € I. Then, if for some i € I, z; ¢ BR;(z%,),
since P € C, it must be that A;(P) > 0. By Lemma 4.2, this implies b;(z},z;) < 0 for all ¥ € BR;(z*,) and, in
particular, b;(z},x;) < 0. Thus, the strict inequality max EF\TI(P) < 0 follows.

|

Theorem 5.1: Let T' = (I, X, u) be an ordinal potential game with potential function ®, fulfilling all properties
defined in Theorem 3.1. Assume that w is a Lipschitz continuous function over X. Let W be a continuous fiber
bundle over X such that W;(z) is compact and convex for all x € X, i € I. Let (4) be the self-triggered best-
response dynamics for Ry (I'). Then, all precompact solutions of the self-triggered best-response dynamics converge
to the set X* of constrained Nash Equilibria.

Proof: Consider a precompact solution ¢ of the self-triggered best response dynamics which, in particular, is

a precompact solution of H. Then, the w-limit set Q(¢) is nonempty, compact, and weakly invariant [21]. Since

U satisfies Lemma 5.1, then Q(¢) € ¥~'(r) for some . First, the conditions in Lemma 5.1 imply that ¥ o ¢ is

non-increasing and bounded below. Let r satisfy that lim; a0 j 00 U(¢(t, 7)) = 7. Take any P € Q(¢). By definition,
lim; o0 &(t1, j1) = P, with (¢, ;) € E. Since U is continuous, then it holds that limy_, s \il((b(tk,jk)) = \TI(P) =r.

Take a P € Q(¢). Since Q(¢) is weakly forward invariant, there exists a solution to the self-triggered best response

dynamics such that P = ¢(tg, jo) for some (%o, jo). Suppose that there is an i such that for P; = (z;,2% ;,t;), we have
z; ¢ BR;(2%,;). Then, by Lemma 5.1 we have that max £Lz¥(P) < 0. If P € C, and the solution flows, then it must
be that W(¢(tl,50)) < r, which contradicts P € ¥~1(r). Thus, it must be that P € D\ C. This implies that there
exists an i such that either A;(P) < 0 or #;, < t;. However, after the jump, P = ¢(to,jo + 1) € C. Then, either we
have that 7;(P) € BR;(n(P)), for some i € I, in which case the conclusion follows, or else it will continue flowing

afterwards, which leads to a contradiction again. [ ]

VI. AN EXAMPLE: COVERAGE CONTROL

Throughout this section we describe the problem of optimally deploying a set of N agents in a one-dimensional
scenario as a Potential Game. This example will serve to illustrate the proposed coordination strategy using the
best-response dynamics and self-triggered control. Proofs for the results in this section can be found in Appendix D.

Let us consider a set of N agents whose movement is constrained to a set [0, L] C R, where L > 0. Thus, all
positions of the agents are given by the vector z = [z1,...,2zy]" € [0,L]". In order to gather information, each
agent 7 is equipped with a sensor that is able to continuously monitor an interval [z; — r;, z; + r;], where r; > 0

denotes its effective range. We consider that the sensing action is energy costly, therefore each agent i is able
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to adjust its own radius r; limited to a set [0,7;], where 7; represents a physical bound on the sensing capacity.
We now consider any deployment task as an absolutely continuous map ¢ : [0,00) — Hf\;l ([0, L] x [0,7;]), where
o) = [21(), 11 (8), - 2n (1), (D).

In the following, we formulate our deployment problem as a continuous-space game. In order to do this, we let our
players be the set of agents to be deployed, the action space X = vazl ([0, L] x [0,7;]), their actions are given by
the vector @; = [z;,r;]" € X; C R% Let us also define the set Q;(z) = {j € I\ {i} | |z; — 25| < r; +r;}. Notice that
Qi(x) is the set of agents that are sensing areas also monitored by ¢, and that ¢ € Q;(z) if and only if j € Q;(x).
Let us split the set @Q;(x) in the sets Q' (z) = {j € Qi(z) | j < i}, and Q7 (z) = {j € Q:(x) | j > i}. Define the set
W={zeX|[zi—rizi+ri|¢(z5—rjz+r)) foranyi,jel}N{zr e X |z <z, ifjeQ(a)}n{ze X |z <
zj, if j € Q7 (x)}. We let the payoff functions be given by

ui(z) =2r; — « Z v(2i, 25, 73,75) — aloss;(x;)
J€Qi(z,r)

for i € I, where
loss;(z;) = max{z; +r; — L,0} + max{z; — r;,0},
and v(z;, zj,7;,7;) is defined as:
v(2i, 25,73, 75) =max{min{z; +r;, z; + r;} — max{z —r;,z; —r;},0},

for i € I, j € Q;(x). The parameter « is given to weight the sensor overlapping in the payoff function. On the
other hand, the value of v(z;, z;,7;,7;) is equal to the length of the interval sensed simultaneously by ¢ and j. In the
following, we show that this is an exact potential game.

Lemma 6.1: The deployment game stated above is an exact potential game with potential function:

N
O(x) = % ; (ui(x) + 2r; — aloss;(x;))- (12)
Lemma 6.2: The set W is compact and convex.
Next, we analyze the concavity properties of ® over W.

Lemma 6.3: The potential function ® of the agent deployment game is component-wise concave in W.

Given that concavity implies pseudoconcavity and also quasiconcavity, this game holds the properties on ® that
are required on Theorem 5.1. From (25) we can also see that ® is a linear combination of pointwise maximum of
linear functions; hence a locally Lipschitz function of its argument. Furthermore, since W is a compact set, then ®
is globally Lipschitz on W.

Lemma 6.4: Define ub; = z;41 — ri41, and by = 2,9 +r;—1, for i =2,...,N — 1, uby = 29 — ry and lb; = 0,

uby =L and Iby = zy_1 +ry_1. If @ > 1, the best-response set of the ith player is given by:

o If 27; > ub; —Ib; and 0 < ifube <7,

BRy(r_) = {z,) {(lbi —;ubi, |ubi2—lbi |) } |
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o If 27; > ub; —1lb; and 0 > &'2&;
BR;(z—;) = {zi} = {(0, —ub;)}.
e If 27, > ub; —1b; and L < w
BR;(z—;) = {z;} = {(0,1b; L)} .
o If 27; < ub; —1b;

{zi € Wi(zi,z—i) | Ib; +7; < 2z <uby =74, 1 = T}

Next, we present some simulations to gain a better understanding of the solution’s performance.

The simulation scenario consists of a set of 3 agents, which are covering a 1-dimensional set [0,10]. Each agent ¢
has a maximum action radius 7; = 2, and follows the self-triggered communication law as established in Theorem 5.1.
The Lipschitz constant for the self-triggered updates is L; = 1, and we take ti, ;, = 1second. We use a first order
Euler method to integrate the equation. Our simulation horizon is 10 seconds, the step time chosen for integration

is 2.5 x 10™* seconds. We use a value Atyi, = 0.1. Further, in order to simulate the differential inclusion, at each

time we pick one element of the best response set with uniform probability distribution. Figure 1 shows the actual

Coverage

Timg(m)
Fig. 1. Coverage vs. time. It is possible to tell which area is covered by each agent. They are organized from bottom to top from 1
through 3.

coverage provided by each agent. Notice that since player 3 stops as soon as it gets into its best-response set, there
is a segment near the upper end of the set that is uncovered. This does not happen in the lower end, because agent 1
never reaches its maximum radius, then, whenever the upper bound of this player’s sensing region touches the lower

bound of agent 2 sensing region, its position is going to move down to the middle value of the interval [0, zo —r3], while

Z2—T2

the radius is increasing towards *2572.

It is worth to point out that the achieved Nash Equilibrium is not optimal,
because it does not guarantee full coverage. Clearly, an action profile such as Z?zl ri =10, 21 =1y, 29 = 211 + 19
and z3 = 10 — r3 is an optimal Nash Equilibrium for this game, because it guarantees full coverage, showing zero

overlapping. Figure 2 shows the update times used by each agent to get information about the current state of the
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Agent3

Agent2

Agent 1

Time (sec)

Fig. 2. Information update times for each agent.

game. We can see that when players approach their best-response sets, update times tend to accumulate, however,
due to the parameter Atni,, this accumulation does not happen, and in practice, the agent does not move away
from the best-response set. Thus, the parameter Aty;, is an effective countermeasure against Zeno-behavior, as it

has been discussed in Remark 4.2. Finally, Figure 3 demonstrates the theoretical result on the monotonic increase

Potential function ®(z)
20 ‘ ]

18 1

14t 1

d(2)
S

3
Time (sec)

Fig. 3. Potential function ® vs. time.

of ® along the solutions of the self-triggered best-response dynamics.
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VII. CONCLUSIONS

In this work, we characterize the convergence properties of the continuous time best-response dynamics for a
continuous-action-space potential game, with IV players and n;-dimensional action space for each player i. We show
under general conditions that all solutions of the best-response dynamics of a potential game will converge to the set
of Nash equilibria set of the game. With the aim of making the best-response dynamics more practical, a self-triggered
communication strategy is proposed to reduce communications among agents while still guaranteeing convergence to
the desired configurations. The self-triggered best-response dynamics is modeled as a hybrid system, and convergence
analysis is made using analysis tools in [21].

As an example, we characterize the 1D deployment of a mobile sensor network as a potential game, where we
implement the self-triggered best-response dynamics. The objective of the game, is to maximize the sensor overall
coverage, avoiding footprint overlapping. Simulations show in a more intuitive way all theoretical results. Future

work will be devoted to study the effects of delays in the self-triggered best response dynamics.

APPENDIX
A. Some definitions on real analysis
Definition 1.1: [22] A function V : R" — R is called regular at « if:

o for all v € R the right directional derivative V' (z,v) exists:

o for all v € R", V/(2,0) = Vo(z,v) = liminf,_,, o+ LOHI=VE),

Definition 1.2: [23] The set-valued map F : X C R™ =3 R™ is upper semicontinuous at a point z¢g € X if for
each € > 0 there exists a § > 0 such that if |z — z¢| < 9, F'(z) C F(xo) + Bs(0).

In order to analyze the convergence of the best-response dynamics to the set of equilibria, we must introduce some
additional definitions related to stability analysis [22], [24].

Definition 1.3: Let f : R — R be a locally Lipschitz function. Let Q ¢ be the set of points at which f is

not differentiable. By Rademacher’s theorem, €1 is a zero-measure set with respect to the Lebesgue measure. The

generalized gradient 9f : R? 3 R? of f is given by

0f ()  col{ lim Vf(z) | s = a7 ¢ 0}). (13)
As seen in [20], [22], [21], the stability of a system defined by a differential inclusion can be analyzed by means
of non-continuously differentiable Lyapunov functions and generalized invariance principles based on set-valued Lie
derivatives. We recall these tools next.

Definition 1.4: Given a locally Lipschitz function f: R? — R and a set-valued map G : R? =3 R?, the set-valued
Lie derivative Lo f : R? 3 R of f with respect to G is given by

Lof(z)={a €R|3v e G(x) such that ("v =a, for all ¢ € df(x)}. (14)

B. LaSalle’s invariance principle for differential inclusions and nonsmooth Lyapunov functions

The following theorem is an extension of the classical LaSalle’s invariance principle.
Theorem 1.1 ([20], [22]): Let G : R? =3 R? be a locally bounded, upper semicontinuous set-valued map which

takes nonempty, compact and convex values, and let f : R? — R be a locally Lipschitz and regular function, according



16

to the definition of regularity in [20] (see also the Appendix). Let S be a compact and strongly invariant set for
# € G(r), and assume that max L f(y) < 0 for each y € S. Then, all solutions x : [0, 00) — R? of & € G(x) converge

to the largest weakly invariant set M contained in

Sﬁ{xERd‘OE£Gf}.

C. Proofs of results on Section IV

1) Proof of lemma 4.1: We have already showed that the upper bound holds for ¢ € (t}w i +1] Next we show that

the inequality also holds for ¢ > /. ,. With a slight abuse of notation, let acfaSt € BR; (acj( )) denote a point such

+1° +1

that xgast € ArgMAX R, (2_; (¢, ,)) ly — ;(t})]|. Assume that x;(t;, ) ¢ BR;(¢ l+1) In this way, the solution of (4)
which maximizes |z;(t) — x;(t%)]], for all ¢ € (¢ l+1’tl+2] is given by mfaSt (:cgaSt — (t{H)) e~ ("t41)  Therefore,

we have

as as j —(t—t i
s (8) = () < =t = (2 = 2 (t1,) ) e He) a2 (15)
for t > t{+1' By adding and subtracting x; (t};)e_(t_tljﬂ) inside the norm of the right-hand side of (15), and then

using the triangular inequality, we obtain

ol — (2=t — () e ) —ay ()] <[t — )] (1— e )

J J I+1 | | j (16)
ol (0) = (B e,
Now, from (15) and (16) we derive
s (8) = 25 () < o=t =y ()] (1= ™ 750) + g (thy) — s (1) e 1.
Applying (5) with ¢t = tJ , and then replacing ||x; t4. ) —x;(t)]| in the inequality above, we have
+1 I\VlI41 VAN
s (8) = 25 (#)1 <l — ;14 (1 - e*“*%)) -
(8 — ()| (1 e ) e,
Notice that the following equality holds for all ¢
o () = s (e (1= e ) o (th) — 2l (1 - e~ (18)

e (ah) = ()] (1= e ) o),

From the definition of 27 (¢} ), we have that ||zf(t}) — x;(t})]| > [|2f* — z;(t})||. Therefore, the first term of the
right-hand side of (18) is an upper bound for the first term of the right-hand side of (17), while both expressions’
second terms of the right-hand side are equal. This implies that the left-hand side of (18) is an upper bound of
ll; () — 2;(t},)|| for t 11 <t< tl+2

Now, we can see that if x;(¢ l+1) € BR;(t l+1) the unique solution is z;(t) = z; (t{H) and the computed upper

bound holds trivially.

The same reasoning holds for ¢ > t{ 4 for m € N, and the result follows. [ ]
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2) Proof of lemma 4.2: At time ti, player i has exact information about other players’ actions. Assume that
z;(th) € BRi(z_;(t})), then w;(x}(th), v (t})) > ui(z;(th), x_;(%)). Using equations (7), (6), we can obtain a lower
bound for u;(z}(t}),z_;(t)) as follows

wi (@ (1), - () = wswl () () = L Y Nl () = 2 (@) (1 - =70, (19)
JeIN{i}

Similarly, using equations (8) and (6), an upper bound for w;(x;(t),z_;(t)) is found as follows

wi(zi(t), —i(t)) < ui(wi(t), (1)) + L Z 25 (t) — 2§ (£l (1 - 6_“_5’2)) : (20)
JEN{i}

In order to guarantee that u;(x}(t%), z_;(t)) > w;(x;(t),z_;(t)) holds, it is sufficient to ensure that the right-hand
side of (20) is less or equal than the right-hand side of (19). That is, if

wi (@} (#),0-() = 2Li Y s (1) = 25 ()| (1= € 0%)) 2 wilwa(), 2s(t) +2. @21)
JeI\{s}

for some positive and sufficiently small e, which in particular, must satisfy € < w; (2} (t%), z_; (1)) —ui(z; (tL), z_i (t1)),
then w; (@} (1), 2 (t})) > (2 (t}), x—;(t%)). Next, notice that if i did not update its information about other players,
then x;(t) would approach BR;(z_;(t})) as t — oo, according to the differential inclusion in (4). Therefore, the value
ui(zi(t), x—;(t})) would converge to u;(z}(t}),z_;(t)). However, the second term at the left-hand side of (21) is
negative and decreasing on time, while the whole expression is continuous on time. Therefore, for each € > 0 there
exists a finite time for which (21) does not hold anymore. The first time for which the equality happens is given by
thy1 in (9). Then, for ¢ € [t} ¢ ], it holds that w; (2} (}), z_i(t)) > ui(x;(t), z_;(t)). Since T is a potential game,

this inequality holds if and only if
(] (1)), 2-i(t)) > B(@i(t), 2—i(1))- (22)

The second part of the theorem, assuming that z;(ti) € BR;(x_;(t})) holds trivially, given that by i*" player

dynamics, 2;(t) = 2;(t},) for t € (t},t] ] ]

D. Results on the agent deployment example
1) Proof of lemma 6.1: First, note that we can rewrite ®(x), for x = (z;,x_;) € X, as follows:
N ;X
O(x) = ; 2ry, — §a %jeg;(z) v(2k, 25, Tk, Tj)

vog# (23)
N
-« Z v(2i, 25,13,75) — Zlossk(xk).
k=1

JEQi(z)
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Now, let us take o’ = (2}, z_;), with z} = [z}, r}] and compute ®(z) — P(z') for some ¢ € I. Using the expression (23),

1771

the difference simplifies to:

O(z) — ®(2') =2r;, — « Z v(zi, 25,70, 1) — 21 + @ Z v(z], 2,75, 75)

JEQi(z) JEQi(a’)
— aloss;(z;) + aloss;(z}) (24)
=u;(z) — u;(2").

This shows that ® is a potential function for the deployment game we have defined above, and thus the latter
becomes an exact potential game. [ ]
2) Proof of lemma 6.2: In order to prove convexity, we recast the conditions for x to be in W as follows:
o For every i € I, and for every j € Q\(z), 2z —ri > zj —rj, 2 + 1 > zj + 7, and 2; < 2;.
o For every i € I, and for every j € Q7 (x), z; —r; < zj —1j, zi +1; < zj +7rj, and z; < z;.
Define z,2' € W, as: @ = [21,71,...,2N,7N] |, and @' = [z}, 7] ..., 2, 7] 7. From the inequalities above we have
that if j € QL(x), sz; — sr; > sz; — sr;, and (1 —8)(z} — 1) > (1 — s)(2} —r7}), for any s € [0,1]. Summing up these
inequalities, we obtain sz; + (1 — s)z; — (sri + (1 — 8)r;) > s2; + (1 — 8)2% — (srj + (1 — s)r}). Following the same
procedure for all inequalities, (involving also those for j € Q7(z)), we have that sz + (1 — s)z’ € W. Thus, W is
convex. Finally, compactness follows directly from the definition of W as a closed subset of X. [
3) Proof of lemma 6.3: If € W, the maps v(z;, zj,7;,7;) can be expressed in a more straightforward form, and

the potential function ® rewritten as follows:

N N i
1
D(x) :ZQrkJer—iaZ Z v(zk,zj,rk,rj)—aZmax{szrrjf(zifri),O}
k=1 k=1 JEQu () =1

k#i j#i (25)

N N
- aZmax{zi +r—(z;—1;),0} —a Zlossk(xk),
j=i k=1

for any ¢ € I. The expressions max{z; + r; — (z; — r;),0}, and max{z; +r; — (z; — r;),0} come from simplifying
v(2i, 25,7i,7;) on W. First, note that the map v becomes z; +7r; — (2, — 1;) if j € Ql(z), or z; +ri — (2; — 7})
if j € Qi (z), if x € W. Since for each j ¢ Q;(x), v(zk,2;,7%,7;) < 0, we use the maximum between v and 0,
in order to have summation indices that are independent from z. The expressions max{z; + r; — (z; — r;),0} and
max{z; +r; — (z; — r;),0} are the point-wise maxima of linear maps of x;, thus their sum is a convex function of
x;, for every i € I. The same occurs with the function loss;(z;). Due to the negative sign affecting these sums, ®
becomes a concave function of z; for all ¢ € I; thus it is component-wise concave on W. [ |

4) Proof of lemma 6.4: First, notice that we can find an upper bound for the payoff function u;(z) as
u;i(z) < 2r; — amax{0,z; + r; — ub;} — amax{0,1b; —(z; — r;)}.

Let mf be an element of the set we want to prove is the best-response set. Let us analyze the first case. Assume that
27; > ub; —1b; and 0 < w < L. In addition, assume that ub; > lb;. We obtain a payoff ul(a:j, x_;) = ub; —lb;.

Then, consider a deviation off the defined best-response set, this is, a vector v = [y.,v,]" € R2, where ||v| is
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arbitrarily small, and acj +veW,; (.Tj + v,2_;). Then, we obtain
ui(xz +7,2—;) < ub; —lb; +27, — amax{0, v, + v} — amax{0, —v. + ¥}

If 4. < 0, clearly ul(xj +y,2-) < ui(mg,x,i). If 4. = 0, then uz(x;r +v,2-;) < ub; —1b; —aly.|. If . > 0,
and 7y, > |v.|, then, v, +v. > 0, and also v, — 7, > 0, therefore uz(x;r +v,2—;) < ub; —1lb; —2(ax — 1)y,.. If
v > 0, and 7, < |7.|, then either v, + v, or 7, — ~, is less than zero, but the other is greater than zero, then
ul(xi +7v,2_;) <ub; —lb; —2a(v, + |7:]), leading to uz(xj +vy,2-;) < ulv(as;r,x_i).

Now, let us assume that 1b; > ub,. In this case, u;(z] +v,2_;) < (1 — a)(Ib; — ub;). Notice that the only choices
of v such that xj +v e Wl(l‘j +7,x_;) are those that hold v, < 7, v, +7 > 0 which imply that ~, > 0. The upper
bound for the payoff is given by

uz(x;r +7v,2_;) <ub; —1lb; +2v, — amax{0,1b; —ub; +v, + v}

— HlaX{O, lbl — Ubi —Yz + fYr}

Since we choose v arbitrarily small, and 1b; —ub; > 0, it holds that ul(m;r +7,2-;) < (1 — a)(lb; —ub; +2v,). We
have seen that for each particular case, regardless of the choice of v the payoff for the best-response singleton greater
than any of its neighborhood, then by concavity of u;, the maximum is global, and the result follows.

The proof for second and third cases, is analogous to that of the first case, then we omit it.

For the last case, the proof is rather simple. just consider that by structure of the payoff functions, u; (xj, T_y) =
21; > ui(w;,x—;) for all ; € Wi(x;,x_;), i € I. Then, any choice of r; different from 7; leads to a lower payoff.
Finally, consider any point x; such that r; = 7;, but either 1b;, +7; < z;, or z; > ub; —7;. It leads the maximum

functions that determine the upper bound for the payoff, to be positive, and then the payoff is smaller. [

E. Notions of set-valued analysis and hybrid systems analysis

The following two definitions are taken from [21].

Definition 1.5: The set-valued map F' : R™ =3 R™ is outer semicontinuous at a point zg € X if for every
sequence of points xy convergent to z and any convergent sequence of points yi € F(xy), it holds that y € F(x),
where y = limg_,~ yx. The map is outer semicontinuous if it is outersemicontinuous at each z € R". Given a set
X CR", F is outer semicontinuous relative to X if the set-valued map defined by F(x) for x € X and 0 for x ¢ X
is outer semicontinuous at each z € X.

Definition 1.6: A subset £ C R>o x N is a compact hybrid time domain if
J—1
E=J (Itj,tj41.4)), (26)
j=0

for some finite sequences of times 0 = tg < t; < ... <t;. Moreover, F is a hybrid time domain if for all (T, J) € E,
En(0,T] x{0,1,...,J}) is a compact hybrid time domain.

The hybrid system H is well-posed if it satisfies the following basic conditions:

e C' and D are closed subsets of O;

o I is outer semicontinuous (see definition of outer semicontinuity in Appendix) and locally bounded relative to

C C O, and F(P) is convex for every P € C;
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G is outer semicontinuous and locally bounded relative to D C O.
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